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Abstract

A theorem of Dasbad and Lin's states that the twist number of
any alternating knot is the sum of the absolute value of the second
coe cien t and the absolute value of the secondto last coe cien t of
the Jones Polynomial. We extend this result to links, nding that
the JonesPolynomial doesn't detect Hopf link factors. This yields a
formula which givesthe twist number of any link: ead region which
is not part of a twist adds one, then ead Hopf link factor minuses
one, then minus two to get the JonesPolynomial twist number. Fur-
thermore, we shav what the individual numbersrepresen in terms of
the link diagram.

1 Background

For the purposesof this paper, a knot is a simple closedcurve in R3, whereas
link is de ned to have any number of componerts. The Reidemeistermoves
are the most basic operations on a link diagram which leave the link un-
changed. The type | move addsa loop, the type Il moveslays a portion of
a strand over or under another strand, and the type Il move translates a
strand from oneside of a crossingto the other side. For illustration of these
three moves, see gure 1. For more information, refer to [1].

In [2], Kau man details many results and terminology which are needed
for this paper. The Kau man Bracket polynomial wasintroducedand a con-
nection to the Jonespolynomial was found. Using the Kau man Bracket
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Figure 1: Reidemeistermovestype I, II, and Il

polynomial, he was able to prove that any two connected,reduced,alternat-
ing projections of a link L have the samenumber of crossings,which was a
long-standing conjecture of Tait's.

De nition 1. Let L be an unorierted link diagram. Let < L > be the
elemen ofthering Z [A;A %, A2 A 2] de ned by the rules:

1. <0>=1,
2.<0[ K>=( A2 A ?)<K > (whereK 6 ;),

3. < X>=A< X>+A 1<)(>, or
< KA>=A<)(>+A 1< <>,

T
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Figure 2: A crossing

Remark To see3 easier, use the right-hand rule on ead undercrossing
strand with your thumb pointed in the direction of the crossing. Label the
areathat your ngers point to asA, then label the other two areasasB (see
gure 2). Now, we simply smooth out the crossingsothat the two A areas
are connected( gure 3). This action correspndsto A < < >. Doing the
smoothing to connectthe B areascorrespndsto B < ) (> (gure 3). These
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Figure 3: A-smoothing and B-smoothing

smaothings are called an A-smaoothing and a B-smaothing, respectively. Also
denotethe A and B areasas A-regions and B-regions respectively.

-0

Figure 4: A given state

For any given link diagram L, performing all smaothings in any comnbi-
nation sud that no crossingsare left in L is called a state S of the diagram
L. Sinceperforming all smaothings yields a collection of circles, we seethat
the state cortributes

AiA j( AZ A Z)ij l;
wherei is the number of A-smoothings, j is the number of B-smoothings,
and jSj is the number of circlesin the state diagram S. In gure 4, three A-
smoothings are performedand 1 B -smoothing is performed. The sum of all
the state cortributions yieldsthe bradket polynomial. In Kau man's original
paper, he shows that the bracket polynomial is invariant under Reidemeister
movesof type Il and |11, but not under Reidemeistermove I.

In order to make the bradket polynomial invariant under Reidemeister
move type |, we needto introducethe writhe w(L) of a link L. It is simply
the sum of all crossingswhere eat crossingis given a value of either +1 or

1 using the right-hand rule on the overstrand ( gure 5). Now we de ne a
Laurent Polynomial f [L] by the formula

flL1=( A) ¥O<L>;
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Figure 5: Writhe of a Link

wherew(L) is the writhe of a link L. This formula is invariant under Rei-
demeistermove I. To obtain the JonesPolynomial, we substitute t =* in for
A. For the rest of this paper, the direct relation to the JonesPolynomial will
rarely be discussed.

Lemma 1.1 If alink L hasan n-crossingtwist formed by n type | Reide-
meister moves,then

<A DDO 5= (1A < L>

Pro of The proof of this is left for the reader.
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Figure 6: Twist and an Isthmus
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Figure 7: Flype
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Figure 8: Reducingtwists by yping

Before proving any results, more de nitions are needed. A twist in a
diagram D is two strands which crossead other (gure 6). A ypeis a
rotation of someportion of the link which translates a twist from one area
to anotherarea( gure 7). Note that yp escanreducethe number of twists
in alink (gure 8), and for ewery link L, there exists a diagram which has
the minimum number of twists for that link. Thus, the diagram is said to
be twist-minimal. The number of twists in this twist-minimal diagram s the
twist number T (L) of the link L. An isthmusis a crossingin a diagramD so
that two of the four local regionsat the crossingare part of the sameregion
in the overall diagram, and a diagram is reducd if it doesnot cortain an
isthmus ( gure 6).



2 Standard Twist Num bers
Lemma 2.1 The reducd, prime link L is a T(2;n) link if T(L) = 1.

Pro of (Figure 9) Supposethat L hasonetwist. There is only oneway for
the twist to be connectedto itself, and this is obviously a T(2;n) link. |}

)

Figure 9: T(2;n) link and T(L) = 1

Figure 10: Possibletwo-twist combinations

Theorem 2.2 Thereduacd, prime link L is a two-twist 2-bridgelink if T(L) =
2.

Pro of (Figure 10) AssumeT (L) = 2. This meansthere is only oneway of
connectingthe two twists, but there are three di erent ways to orient them:
both twists pointing to the inside, one twist pointing to the inside, and no
twist pointing to the inside. If no twists point to the inside of the diagram,
then L is not reducedand the two twists are actually one twist which is
separated. Similarly, if both twists point to the inside, then L is in the form
of a two-twist pretzel knot, but two-twist pretzel links are not reduced(again
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there is onetwist separatedinto two twists). Finally, if only onetwist points
inside, then L forms a two-twist 2-bridge link, which is reduced. Thus, this
is the only two-twist reducedlink. |

Theorem 2.3 The reduced, prime link L is a three-twist pretzellink or a
three-twist 2-bridgelink if T(L) = 3.

Pro of There are two parts to this proof. For the rst part, we will prove
that there is only oneway to arrangethree twists. After that, we will shav
that the twist orientation determineswhat kind of link it is.

First, ead twist canbethought of a vertex in a graph wherethe following
rules are obeyed: 1) ead vertex has degreefour (since a twist must have
four lines exiting it), 2) there canbe no crossingg(i.e. there are no crossings
outside of the twists), and 3) no vertex can have an edgeto itself (i.e. the
overall link is prime). Given thoserules, there is only one possibility: eath
vertex is connectedto ewery other vertex by two edges.If two vertices have
three edgesbetweenthem, then there will be one edgefrom ead of those
vertices connectingthe last vertex. For the last vertex to have degreefour,
it would needto have an edgeto itself which is not allowed. Thus, there is
only the one possibility.

Next, we will considerthe twist orientation of ead twist using cases.

Figure 11: Casel

Casel: (Figure 11) If none of the twists point towards the interior of
the graph, then all three twists point towards eat other which meansthe
diagram is not twist reduced. Similarly, if one of the twists points towards
the interior, then the other two twists point toward eat other, sothey are
not twist reducedeither.

Case 2: When two of the twists point towards the interior, the knot
diagram is that of a three twist 2-bridgelink (gure 12).



Figure 12: Case2

Figure 13: Case3

Case3: If all threetwists point towardsthe certer, then the knot diagram
is that of a three twist pretzel link (gure 13).

Thus, any twist reduceddiagram with three twists is either a three twist
2-bridgelink or a three twist pretzellink. |}
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Figure 14: Pretzel diagram
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Theorem 2.4 All twist-reduced, prime pretzellinks L = (p1; p2; :::; pn), Whee
jpij > 1for i = 1;::;n, haveisomorphic diagrams given by ( gur e 14). Fur-
thermore, T(D) n.
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Figure 15: Normal pretzel diagram

Remark This box canbe rearrangedto shav the familiar pretzellink struc-
ture by putting all twists onto a line (gure 15).

Pro of By induction, supposethere are three twists, ead with more than 1
crossing.It wasshowvn in Theorem2.3that three-twist pretzel links have all
their twists pointing towards the interior, sothe rst caseis done.

Now assumethere are n twists, eadt with greaterthan 1 crossingscon-
nectedin a box with all twists pointing towards the interior like gure 15.
Adding another twist with crossinggreater than 1 yields a diagram which
is isomorphic to the n twist diagram. This meansthe diagram is twist-
reduced: yp eswill only rearrangethe twists, so the twist number T(L)
doesn't change.

Thus, by the principle of mathematical induction, all twist-reducedpret-
zellinks L have isomorphicdiagrams,soT(D) n. |}

3 Relation of Twist Num bers to Jones Poly-
nomial

Let n be the number of crossingsin a reduced,alternating link L. SincelL
is alternating, note that the labels of ead region are all the same. If L was
non-alternating, the region labels might not always be the same. Shadethe
A-regionsand denotethe number of them by s. Similarly, do not shadethe
B -regions,and denotethe amourt of them by w ( gure 16).

A twist decomposition is given to mean a twist, along with its interior
regions. If the region inside of the twist is an A-region, then the twist is
de ned to be an A-twist (gure 18). A similar de nition holdsfor B-regions
and B-twists. Furthermore, if a regionis not a part of any twist, it will be
called an exterior A-region (or B-region) and the total amourt of them will
be denotedby rg (or ry). For example,in gure 17, and assumingthe link
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Figure 16: Shadings
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Figure 17: Example

is alternating and the diagram is twist-minimal, then the a and e regions
cortribute 1 ead to r,,, but only the band d regionscortribute 1to rs. This
is becausehe cregionis an A-twist regionsoit is not includedin rg. Finally,
if T is a 2-crossingA-twist, then T is a Hopf twist if both exterior A-regions
are the sameregionin the overall diagram (again, a similar de nition holds
for B-twists and exterior B-regions). The number of Hopf twists will be
denoted by h,, and hg for B-region Hopf twists and A-region Hopf twists,
respectively. In gure 18, the Hopf twist is a B-Hopf twist, soh,, 1, since
there could be more Hopf twists inside the tangles.

Lemma 3.1 Let L be an alternating, reduced, and twist-minimal link dia-
gram. If an A-twist (or B-twist) with two crossingsis not a Hopf twist,
then performing a single A-smaothing (or B-smamthing) inside the A-twist
(or B-twist) does not result in a Hopf twist being created in the resulting
diagram.

Pro of This is trivial sincethe A-smaothing connectstwo A-regions,but a
Hopf twist will not result sincethe original twist was not a Hopf twist. |}
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Figure 18: B-Hopf Twist
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Figure 19: A-twist

Lemma 3.2 Let L be an alternating, reduced, and twist-minimal link dia-
gram. If a twist has a single crossing, then performing an A-smaothing on
that crossingwill not resultin a B-Hopf twist, and similarly, performing a
B -smathing will not resultin an A-Hopf twist.

Pro of Without lossof generality, an A-smaothing on a 1-twist connectstwo
A-regions,and leavesthe white regionsasthey were, there can be no white
Hopf twists created ( gure 20). |}

Let the JonesPolynomial of any link L be given by
J(L) = ant” + ana t™ + i+ Ay ot" T+ ant™;

whereg; 2 Zforn 1 mandn;m2 Z. Dasbat and Lin [3] proved that
the Jonestwist number of a knot K can be realizedin the following way:

T;(L) = jan+1) + jam 4j:

Howewer, a stronger result is shovn in the next theorem. To prove the
theorem, four coe cien ts will needto be tracked. This meansfour degreesof
A needto be tracked: the highest, secondhighest, secondiowest, and lowest
degree.The maximum, secondhighest, secondowest, and minimum degrees
are given by

max term< L >= ( 1)V lAn2w 2 (1)

next highestterm < L >= ( 1) 2T;A"*2W &, (2)
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Figure 20: No white Hopf twists

next lowestterm < L >= ( 1)° ;A " **6; (3)
min term< L >= ( 1) A " #*2; (4)
whereT; andt; arethe twist numbersgivenin the theorem. Theseequations
have seen variablesto keeptrack of, soto decreaseexplanation, we will call
them the trackel variables Similarly, we will call equations(1) through (4)
the main eguations
Theorem 3.3 LetL be an alternating, twist-minimal link diagram. Then
T,=rs hy, 1, andt;=r, hg 1;

so the Jonestwist numker is

Pro of This proof will proceedby induction. First, supposel; is a twist-
minimal diagram with a 3-crossingtwist. Then,

RsadasS IR O aa= Ry
< >= A< > A < >
Denote@ byL,, and % by L,. For L4, the trackedvariables

aren 1Lw;s 1ry;rs hy; and hs. Plugging these valuesinto the four
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equations,then multiplying ead equation by A furnishesthe distinct (from
the main equations)

next lowestterm A< Ly >= ( 1)° 3(r, hs 1)A " 2*10.

min term A< L, >= ( 1) 2A " %6

Note that the next lowest term doesn't cortribute to the twist number.
Now, inthe A ' < L, > portion, Lemmal.lwasusedto given 3,w 1,
s 2,ry 1,rs+ Xg, hy + Xq, and hg, wherexo and x; are positive integers.
A problem ariseshere sinceA 7 < L, > may or may not be twist-minimal.
As seenin the following calculation, rs and h,, don't cortribute to the twist
number soit doesn't matter if they change. So,assumethat A 7 < L, > is
twist-minimal. Doing a similar plugin processas beforeyields

maxterm A 7 < L,>= ( 1)V AnT2w 14

next highestterm A 7 < L, >= ( 1)"(rs hy, 1)A"2W 18
next lowestterm A < L, >= ( 1)° (r, hs 2)A " %6

So,the maximum term of A 7 < L, > and the next highestterm of
A "< L, > don't cortribute to the twist number. Finally,

next lowestterm A 7 < L, > +minterm A < L; >= ( 1)° %(r, hs 1)A " *6:

Thus, all terms are exactly the terms shavn in equations(1) through (4).
For the next stepof the induction proof, supposethe equations(1) through
(4) work for atwist-minimal link Ly with ak-crossingtwist (for k > 2). Then,

k k-1
< >= A< > +( 1K A 2 < >
k-1
Denotew by Ly 1, and @ by L, for referencepur-

poses.

The A < Ly 1 > portion hasthe sametracked variablesasthe casek = 3,
and the only di erence comesin the A 3*2 < L, > portion: n k;w 1;s
(k 1);ro 1Lrs+ yo; hy + yi; and hg, whereyg and y; are integers. Again,
A 32 < |, > may or may not be twist-minimal. Howewer, h, and ry
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don't contribute to the twist number. So, multiplying all the equationsby
( 1)k A 3%*2 tendersthe distinct (from the main equations)equations

maxterm A 32 < Lo>= ( 1)w+k 2pn+2w 4Kk 2.

next highestterm A 32 < Lg>= ( 1)*k 3(rg h, 1)A"M2w % 6
nextlowestterm A ¥*2 < Lg>= ( 1)° 2(r, hs 2)A M S

Sincek > 2, the maximum term and the next highestterm of
A 32 < |, > do not cortribute to the twist number. Adding together like
terms gives

min term A < Ly 1 > + nextlowestterm A 32 < Ly>=( 1)° %(r, hs 1)A " %6

and this equals(3), which is the desiredresult.

Now return to the casewhenA 3*2 < L, > is not twist-minimal. This
situation (gure ??) canbe xed by a yp e, which changesonly one value:
r« hy 2insteadofrs h, 1. Howewer, the term with this coe cient does
not cortribute to the twist number becausdhe degreeon A isn+2w 4k 6.
This sameargumen works for whenk = 3.

bt
SIS

N\

Figure 21: Setupofk = 1

Now for the caseof k = 1, a little setupis required. Let ® denoteeither
the situation © or @, and let x;y = 0;1;0or 2. A single crossingwould
then be pictured asin gure 21. After an A-smoothing onthe maink = 1
crossingthe trackedvariablesaren 1;w;s 1;ry, Vy;rs 1, hy;andhg+jg
(gure 22), wherejg is a nonnegatiwe integer. But, the situation in gure 23
could arise, which is wherej 4 (or j,,) originates.
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Figure 22: A-smaothing and B -smaothing on k = 1, respectively

Figure 23: The caseof js Hopf link factors

After a B-smaothing onthe main crossingthe variablesbecomen 1;w
L;s;rw Lirs X hy+ jw; and hg (gure 22). Again, j, iS a nonnegatiwe
integer. Again, j,, arisesfrom a situation similar to the onein gure 23.

The term calculationsare thus

maxterm A< oz >= ( 1)W 2pn+2w 2;

next highestterm A < aa>= ( 1) 3(rs h, 1AW &
next lowestterm A< sa>= ( 1)°® (r, hs 2)A " '
min term A < sa>= ( 1) 1A " %*2;
maxterm A < se>= ( 1)¥ 2A""2V 2
next highestterm A < sa>= ( 1) 3(r¢ h, 1)A"2W &

next lowestterm A ! < na>= ( 1)° Z(rw he 2)A " 2546 .
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minterm A 1< >=( 1)5 A " =2;

Thesecalculationsshow that the induction hypothesisholds.

There are two main casesfor the casewhenk = 2: either the twist is a
Hopf twist or it isn't. Remenber that the link starts asalternating, reduced,
and twist-minimal.

For the rst case,assumethat the twist is a Hopf twist. Then, without
lossof generality,

< >=( A" AYH< >

The insideregioncannotbe atwist sincea yp e would have beenadmitted at
the start (gure 24). Also, the outside region cannot be a twist either for the
samereason. Thus, the only possibility is that both regionsare not twists,
sothey must cortribute to r,, and rs. Also, there is nothing connectingthe
two tangleson either side of the Hopf link, sothere are no addedhg values.
This meansthe tracked valuesaren 2;w 1;s 1;rs 1;r, 1 hg; and
hy 1.

Figure 24: Both B-regionsare twists

Now, assumethe twist k = 2 in L is not a Hopf twist. Then
< >= A< >+ 1DA < >

Lookingat A < >, there are eight possibilities: all regionsare twists, no
regionsare twists, one B-region (or A-region) is a twist, or two B-regions
(or A-regions) are twists. Any casewhere an A-regionis a twist is an im-
possibility sincethe starting link would have admitted yp es. Also, if both
B-regions are twists, then there was a yp eable-wist in the starting link
(gure 24).
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Thus, the only possibilities are when one B-region is a twist or when
no regionsare a twist. Let y denoteO or 1. Then the tracked variables are
n Lws 1ry, V;rs hy;andhgforA < >, Let x denote0, 1,0r 2. Then
the tracked variablesfor (  1)A 4 < >aren 2w Lr, Lrs X hytj;
and hs. Thence,the distinct equationsfor A < > are

next lowestterm A < >=( 17 %(r,, hs y)A " 20

min term A < >=( 1)° A " %6,
andfor ( 1)A *< >,
maxterm A 4 < >= (1) 2An+2w 10,

next highestterm A 4 < Sz (1Y 3(rg+j  x)AMRW 14
next lowestterm A * < >=( 1) 3(ry, hg 2)A N 6.
Adding the two setsof equationstogether,
min term A < > +next lowestterm A * < >=( 1)° %(ry, hs 1)A M 2.

and disregardingthe non-corributing terms is preciselythe induction con-
clusion, sothe k = 2 caseis determined.

Thus, this shows that the twist number can be calculated from courting
regionsoutside of twists, and Hopf twists, and that

T = jan+lj =1TIs hw 1, and t, = Jam 1j =TIy hS 1:
Howewer, the actual twist number of a link is
TL)=rs+ry+hs+h, 22 |

Corollary 3.4 Let T(L) be the actual twist numker of the link L, T;(L) be
the Jones Polynomial twist numker of L, hg be the numker of shadel Hopf
twists, and h,, be the numler of unshade Hopf twists. Then

T(L) = Ty(L) + hs + hy:
Pro of This follows from the Euler characteristic of the link L,
V E+R=2

whereV is the number of twists, E is 2 times the number of twists, and R
is the total number of exterior regions. Then the formula becomes

TH+ry+rs 2=0) T=ry+rs 2

which is exactly what is needed. |}
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