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Abstract

A theorem of Dasbach and Lin's states that the twist number of
any alternating knot is the sum of the absolute value of the second
coe�cien t and the absolute value of the secondto last coe�cien t of
the Jones Polynomial. We extend this result to links, �nding that
the JonesPolynomial doesn't detect Hopf link factors. This yields a
formula which gives the twist number of any link: each region which
is not part of a twist adds one, then each Hopf link factor minuses
one, then minus two to get the JonesPolynomial twist number. Fur-
thermore, we show what the individual numbers represent in terms of
the link diagram.

1 Background

For the purposesof this paper, a knot is a simpleclosedcurve in R3, whereas
link is de�ned to have any number of components. The Reidemeistermoves
are the most basic operations on a link diagram which leave the link un-
changed. The type I move adds a loop, the type I I moves lays a portion of
a strand over or under another strand, and the type I I I move translates a
strand from onesideof a crossingto the other side. For illustration of these
three moves,see�gure 1. For more information, refer to [1].

In [2], Kau�man details many results and terminology which are needed
for this paper. The Kau�man Bracket polynomial wasintroducedand a con-
nection to the Jonespolynomial was found. Using the Kau�man Bracket
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Figure 1: Reidemeistermovestype I, I I, and I I I

polynomial, he wasable to prove that any two connected,reduced,alternat-
ing projections of a link L have the samenumber of crossings,which was a
long-standingconjectureof Tait's.

De�nition 1. Let L be an unoriented link diagram. Let < L > be the
element of the ring Z [A; A � 1; � A2 � A � 2] de�ned by the rules:

1. < O > = 1,

2. < O [ K > = (� A2 � A � 2) < K > (where K 6= ; ),

3. < > = A < > + A � 1 < > , or
< > = A < > + A � 1 < > .

Figure 2: A crossing

Remark To see3 easier, use the right-hand rule on each undercrossing
strand with your thumb pointed in the direction of the crossing. Label the
areathat your �ngers point to asA, then label the other two areasasB (see
�gure 2). Now, we simply smooth out the crossingso that the two A areas
are connected(�gure 3). This action corresponds to A < > . Doing the
smoothing to connectthe B areascorrespondsto B < > (�gure 3). These
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Figure 3: A-smoothing and B-smoothing

smoothings are calledan A-smoothing and a B-smoothing, respectively. Also
denotethe A and B areasas A-regions and B-regions, respectively.

Figure 4: A given state

For any given link diagram L, performing all smoothings in any combi-
nation such that no crossingsare left in L is called a state S of the diagram
L. Sinceperforming all smoothings yields a collection of circles,we seethat
the state contributes

A i A � j (� A2 � A � 2) jSj� 1;

where i is the number of A-smoothings, j is the number of B-smoothings,
and jSj is the number of circlesin the state diagram S. In �gure 4, three A-
smoothings are performedand 1 B-smoothing is performed. The sum of all
the state contributions yields the bracket polynomial. In Kau�man's original
paper, he shows that the bracket polynomial is invariant under Reidemeister
movesof type I I and I I I, but not under Reidemeistermove I.

In order to make the bracket polynomial invariant under Reidemeister
move type I, we needto introduce the writhe w(L) of a link L. It is simply
the sum of all crossingswhereeach crossingis given a value of either +1 or
� 1 using the right-hand rule on the overstrand (�gure 5). Now we de�ne a
Laurent Polynomial f [L ] by the formula

f [L] = (� A) � 3w(L ) < L >;
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Figure 5: Writhe of a Link

where w(L) is the writhe of a link L. This formula is invariant under Rei-
demeistermove I. To obtain the JonesPolynomial, we substitute t � 1=4 in for
A. For the rest of this paper, the direct relation to the JonesPolynomial will
rarely be discussed.

Lemma 1.1 If a link L has an n-crossingtwist formed by n type I Reide-
meister moves,then

< > = (� 1)nA � 3n < L > :

Pro of The proof of this is left for the reader.

Figure 6: Twist and an Isthmus
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Figure 7: Flype

Figure 8: Reducingtwists by 
yping

Before proving any results, more de�nitions are needed. A twist in a
diagram D is two strands which crosseach other (�gure 6). A 
yp e is a
rotation of someportion of the link which translates a twist from one area
to another area(�gure 7). Note that 
yp escan reducethe number of twists
in a link (�gure 8), and for every link L, there exists a diagram which has
the minimum number of twists for that link. Thus, the diagram is said to
be twist-minimal. The number of twists in this twist-minimal diagram is the
twist number T(L) of the link L. An isthmus is a crossingin a diagram D so
that two of the four local regionsat the crossingare part of the sameregion
in the overall diagram, and a diagram is reduced if it does not contain an
isthmus (�gure 6).
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2 Standard Twist Num bers

Lemma 2.1 The reduced, prime link L is a T(2; n) link if T(L) = 1.

Pro of (Figure 9) Supposethat L has one twist. There is only one way for
the twist to be connectedto itself, and this is obviously a T(2; n) link.

Figure 9: T(2; n) link and T(L) = 1

Figure 10: Possibletwo-twist combinations

Theorem 2.2 The reduced, prime link L is a two-twist 2-bridgelink if T(L) =
2.

Pro of (Figure 10) AssumeT(L) = 2. This meansthere is only one way of
connectingthe two twists, but there are three di�erent ways to orient them:
both twists pointing to the inside, one twist pointing to the inside, and no
twist pointing to the inside. If no twists point to the inside of the diagram,
then L is not reduced and the two twists are actually one twist which is
separated.Similarly, if both twists point to the inside, then L is in the form
of a two-twist pretzel knot, but two-twist pretzel links arenot reduced(again
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there is onetwist separatedinto two twists). Finally, if only onetwist points
inside, then L forms a two-twist 2-bridge link, which is reduced. Thus, this
is the only two-twist reducedlink.

Theorem 2.3 The reduced, prime link L is a three-twist pretzel link or a
three-twist 2-bridgelink if T(L) = 3.

Pro of There are two parts to this proof. For the �rst part, we will prove
that there is only oneway to arrangethree twists. After that, we will show
that the twist orientation determineswhat kind of link it is.

First, each twist canbe thought of a vertex in a graph wherethe following
rules are obeyed: 1) each vertex has degreefour (since a twist must have
four lines exiting it), 2) there can be no crossings(i.e. there are no crossings
outside of the twists), and 3) no vertex can have an edgeto itself (i.e. the
overall link is prime). Given those rules, there is only one possibility: each
vertex is connectedto every other vertex by two edges.If two verticeshave
three edgesbetween them, then there will be one edgefrom each of those
vertices connectingthe last vertex. For the last vertex to have degreefour,
it would needto have an edgeto itself which is not allowed. Thus, there is
only the onepossibility.

Next, we will considerthe twist orientation of each twist using cases.

Figure 11: Case1

Case 1: (Figure 11) If none of the twists point towards the interior of
the graph, then all three twists point towards each other which meansthe
diagram is not twist reduced. Similarly, if one of the twists points towards
the interior, then the other two twists point toward each other, so they are
not twist reducedeither.

Case 2: When two of the twists point towards the interior, the knot
diagram is that of a three twist 2-bridge link (�gure 12).
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Figure 12: Case2

Figure 13: Case3

Case3: If all three twists point towardsthe center, then the knot diagram
is that of a three twist pretzel link (�gure 13).

Thus, any twist reduceddiagram with three twists is either a three twist
2-bridge link or a three twist pretzel link.

Figure 14: Pretzel diagram

Theorem 2.4 All twist-reduced, prime pretzellinks L = (p1; p2; :::; pn ), where
jpi j > 1 for i = 1; :::; n, haveisomorphic diagrams given by (�gur e 14). Fur-
thermore, T(D) � n.
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Figure 15: Normal pretzel diagram

Remark This box canbe rearrangedto show the familiar pretzel link struc-
ture by putting all twists onto a line (�gure 15).

Pro of By induction, supposethere are three twists, each with more than 1
crossing.It wasshown in Theorem2.3 that three-twist pretzel links have all
their twists pointing towards the interior, so the �rst caseis done.

Now assumethere are n twists, each with greater than 1 crossingscon-
nected in a box with all twists pointing towards the interior like �gure 15.
Adding another twist with crossinggreater than 1 yields a diagram which
is isomorphic to the n twist diagram. This means the diagram is twist-
reduced: 
yp es will only rearrange the twists, so the twist number T(L)
doesn't change.

Thus, by the principle of mathematical induction, all twist-reducedpret-
zel links L have isomorphicdiagrams,so T(D) � n.

3 Relation of Twist Num bers to Jones Poly-
nomial

Let n be the number of crossingsin a reduced,alternating link L. SinceL
is alternating, note that the labels of each region are all the same. If L was
non-alternating, the region labels might not always be the same. Shadethe
A-regionsand denotethe number of them by s. Similarly, do not shadethe
B-regions,and denotethe amount of them by w (�gure 16).

A twist decomposition is given to mean a twist, along with its interior
regions. If the region inside of the twist is an A-region, then the twist is
de�ned to be an A-twist (�gure 18). A similar de�nition holds for B-regions
and B-twists. Furthermore, if a region is not a part of any twist, it will be
called an exterior A-region (or B-region) and the total amount of them will
be denotedby r s (or rw). For example, in �gure 17, and assumingthe link
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Figure 16: Shadings

Figure 17: Example

is alternating and the diagram is twist-minimal, then the a and e regions
contribute 1 each to r w, but only the b and d regionscontribute 1 to r s. This
is becausethe c regionis an A-twist regionsoit is not included in r s. Finally,
if T is a 2-crossingA-twist, then T is a Hopf twist if both exterior A-regions
are the sameregion in the overall diagram (again, a similar de�nition holds
for B-twists and exterior B-regions). The number of Hopf twists will be
denoted by hw and hs for B-region Hopf twists and A-region Hopf twists,
respectively. In �gure 18, the Hopf twist is a B-Hopf twist, so hw � 1, since
there could be more Hopf twists inside the tangles.

Lemma 3.1 Let L be an alternating, reduced, and twist-minimal link dia-
gram. If an A-twist (or B-twist) with two crossingsis not a Hopf twist,
then performing a single A-smoothing (or B-smoothing) inside the A-twist
(or B-twist) does not result in a Hopf twist being created in the resulting
diagram.

Pro of This is trivial sincethe A-smoothing connectstwo A-regions,but a
Hopf twist will not result sincethe original twist was not a Hopf twist.
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Figure 18: B-Hopf Twist

Figure 19: A-twist

Lemma 3.2 Let L be an alternating, reduced, and twist-minimal link dia-
gram. If a twist has a single crossing, then performing an A-smoothing on
that crossingwil l not result in a B-Hopf twist, and similarly, performing a
B-smoothing wil l not result in an A-Hopf twist.

Pro of Without lossof generality, an A-smoothing on a 1-twist connectstwo
A-regions,and leavesthe white regionsas they were, there can be no white
Hopf twists created(�gure 20).

Let the JonesPolynomial of any link L be given by

J (L) = an tn + an+1 tn+1 + ::: + am� 1tm� 1 + am tm ;

whereai 2 Z for n � i � m and n; m 2 Z. Dasbach and Lin [3] proved that
the Jonestwist number of a knot K can be realizedin the following way:

TJ (L) = jan+1 j + jam� 1j:

However, a stronger result is shown in the next theorem. To prove the
theorem,four coe�cien ts will needto be tracked. This meansfour degreesof
A needto be tracked: the highest, secondhighest, secondlowest, and lowest
degree.The maximum, secondhighest,secondlowest, and minimum degrees
are given by

max term < L > = (� 1)w� 1An+2 w� 2; (1)

next highest term < L > = (� 1)w� 2T1An+2 w� 6; (2)
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Figure 20: No white Hopf twists

next lowest term < L > = (� 1)s� 2t1A � n� 2s+6 ; (3)

min term < L > = (� 1)s� 1A � n� 2s+2 ; (4)

whereT1 and t1 are the twist numbersgiven in the theorem. Theseequations
have seven variablesto keeptrack of, so to decreaseexplanation, we will call
them the tracked variables. Similarly, we will call equations(1) through (4)
the main equations.

Theorem 3.3 Let L be an alternating, twist-minimal link diagram. Then

T1 = r s � hw � 1, and t1 = rw � hs � 1;

so the Jonestwist number is

TJ (L) = r s + rw � hw � hs � 2:

Pro of This proof will proceedby induction. First, supposeL 3 is a twist-
minimal diagram with a 3-crossingtwist. Then,

< > = A < > � A � 7 < > :

Denote by L1, and by L2. For L1, the trackedvariables
are n � 1; w; s � 1; rw; r s; hw ; and hs. Plugging these values into the four
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equations,then multiplying each equation by A furnishesthe distinct (from
the main equations)

next lowestterm A < L 1 > = (� 1)s� 3(rw � hs � 1)A � n� 2s+10 ;

min term A < L1 > = (� 1)s� 2A � n� 2s+6 :

Note that the next lowest term doesn't contribute to the twist number.
Now, in the A � 1 < L2 > portion, Lemma1.1wasusedto given� 3, w� 1,

s � 2, rw � 1, r s + x0, hw + x1, and hs, wherex0 and x1 are positive integers.
A problem ariseshere sinceA � 7 < L2 > may or may not be twist-minimal.
As seenin the following calculation, r s and hw don't contribute to the twist
number so it doesn't matter if they change. So, assumethat A � 7 < L2 > is
twist-minimal. Doing a similar plugin processas beforeyields

max term A � 7 < L2 > = (� 1)w+1 An+2 w� 14;

next highestterm A � 7 < L2 > = (� 1)w(r s � hw � 1)An+2 w� 18;

next lowestterm A � 7 < L2 > = (� 1)s� 2(rw � hs � 2)A � n� 2s+6 :

So, the maximum term of A � 7 < L2 > and the next highest term of
A � 7 < L2 > don't contribute to the twist number. Finally,

next lowestterm A � 7 < L2 > + min term A < L 1 > = (� 1)s� 2(rw � hs� 1)A � n� 2s+6 :

Thus, all terms are exactly the terms shown in equations(1) through (4).
For the next stepof the induction proof, supposethe equations(1) through

(4) work for a twist-minimal link L k with a k-crossingtwist (for k > 2). Then,

< > = A < > +( � 1)k� 1A � 3k+2 < > :

Denote by L k� 1, and by L0 for referencepur-
poses.

The A < L k� 1 > portion hasthe sametrackedvariablesasthe casek = 3,
and the only di�erence comesin the A � 3k+2 < L0 > portion: n � k; w � 1; s�
(k � 1); rw � 1; r s + y0; hw + y1; and hs, wherey0 and y1 are integers. Again,
A � 3k+2 < L0 > may or may not be twist-minimal. However, hw and r s
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don't contribute to the twist number. So, multiplying all the equationsby
(� 1)k� 1A � 3k+2 tendersthe distinct (from the main equations)equations

max term A � 3k+2 < L0 > = (� 1)w+ k� 2An+2 w� 4k� 2;

next highestterm A � 3k+2 < L0 > = (� 1)w+ k� 3(r s � hw � 1)An+2 w� 4k� 6;

next lowestterm A � 3k+2 < L0 > = (� 1)s� 2(rw � hs � 2)A � n� s+6 :

Sincek > 2, the maximum term and the next highest term of
A � 3k+2 < L0 > do not contribute to the twist number. Adding together like
terms gives

min term A < L k� 1 > + next lowestterm A � 3k+2 < L0 > = (� 1)s� 2(rw � hs� 1)A � n� 2s+6

and this equals(3), which is the desiredresult.
Now return to the casewhen A � 3k+2 < L0 > is not twist-minimal. This

situation (�gure ??) can be �xed by a 
yp e, which changesonly one value:
r s � hw � 2 insteadof r s � hw � 1. However, the term with this coe�cien t does
not contribute to the twist number becausethe degreeon A is n+ 2w� 4k� 6.
This sameargument works for when k = 3.

Figure 21: Setup of k = 1

Now for the caseof k = 1, a little setup is required. Let denoteeither
the situation or , and let x; y = 0; 1; or 2. A single crossingwould
then be pictured as in �gure 21. After an A-smoothing on the main k = 1
crossing,the tracked variablesaren � 1; w; s� 1; r w � y; r s � 1; hw ; and hs + j s

(�gure 22), wherej s is a nonnegative integer. But, the situation in �gure 23
could arise,which is wherej s (or j w) originates.
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Figure 22: A-smoothing and B-smoothing on k = 1, respectively

Figure 23: The caseof j s Hopf link factors

After a B-smoothing on the main crossing,the variablesbecomen� 1; w�
1; s; rw � 1; r s � x; hw + j w ; and hs (�gure 22). Again, j w is a nonnegative
integer. Again, j w arisesfrom a situation similar to the one in �gure 23.

The term calculationsare thus

max term A < > = (� 1)w� 2An+2 w� 2;

next highestterm A < > = (� 1)w� 3(r s � hw � 1)An+2 w� 6;

next lowestterm A < > = (� 1)s� 2(rw � hs � 2)A � n� 2s+6 ;

min term A < > = (� 1)s� 1A � n� 2s+2 ;

max term A < > = (� 1)w� 2An+2 w� 2;

next highestterm A � 1 < > = (� 1)w� 3(r s � hw � 1)An+2 w� 6;

next lowestterm A � 1 < > = (� 1)s� 2(rw � hs � 2)A � n� 2s+6 ;
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min term A � 1 < > = (� 1)s� 1A � n� 2s+2 :

Thesecalculationsshow that the induction hypothesisholds.
There are two main casesfor the casewhen k = 2: either the twist is a

Hopf twist or it isn't. Remember that the link starts asalternating, reduced,
and twist-minimal.

For the �rst case,assumethat the twist is a Hopf twist. Then, without
lossof generality,

< > = (� A4 � A � 4) < > :

The insideregioncannotbea twist sincea 
yp ewould havebeenadmitted at
the start (�gure 24). Also, the outsideregioncannot be a twist either for the
samereason. Thus, the only possibility is that both regionsare not twists,
so they must contribute to r w and r s. Also, there is nothing connectingthe
two tangleson either side of the Hopf link, so there are no addedhs values.
This meansthe tracked valuesare n � 2; w � 1; s � 1; r s � 1; rw � 1; hs; and
hw � 1.

Figure 24: Both B-regionsare twists

Now, assumethe twist k = 2 in L is not a Hopf twist. Then

< > = A < > +( � 1)A � 4 < > :

Looking at A < > , there are eight possibilities: all regionsare twists, no
regionsare twists, one B-region (or A-region) is a twist, or two B-regions
(or A-regions) are twists. Any casewhere an A-region is a twist is an im-
possibility sincethe starting link would have admitted 
yp es. Also, if both
B-regions are twists, then there was a 
yp eable-twist in the starting link
(�gure 24).
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Thus, the only possibilities are when one B-region is a twist or when
no regionsare a twist. Let y denote0 or 1. Then the tracked variablesare
n� 1; w; s� 1; rw � y; r s; hw; andhs for A < > . Let x denote0, 1, or 2. Then
the trackedvariablesfor (� 1)A � 4 < > aren� 2; w� 1; r w � 1; r s � x; hw + j;
and hs. Thence,the distinct equationsfor A < > are

next lowestterm A < > = (� 1)s� 2(rw � hs � y)A � n� 2s+10 ;

min term A < > = (� 1)s� 1A � n� 2s+6 ;

and for (� 1)A � 4 < > ,

max term A � 4 < > = (� 1)w� 2An+2 w� 10;

next highestterm A � 4 < > = (� 1)w� 3(r s + j � x)An+2 w� 14;

next lowestterm A � 4 < > = (� 1)s� 3(rw � hs � 2)A � n� 2s+6 :

Adding the two setsof equationstogether,

min term A < > + next lowestterm A � 4 < > = (� 1)s� 2(rw � hs� 1)A � n� 2s+6 ;

and disregardingthe non-contributing terms is preciselythe induction con-
clusion, so the k = 2 caseis determined.

Thus, this shows that the twist number can be calculated from counting
regionsoutside of twists, and Hopf twists, and that

T1 = jan+1 j = r s � hw � 1; and t1 = jam� 1j = rw � hs � 1:

However, the actual twist number of a link is

T(L) = r s + rw + hs + hw � 2:

Corollary 3.4 Let T(L) be the actual twist number of the link L, TJ (L) be
the Jones Polynomial twist number of L, hs be the number of shaded Hopf
twists, and hw be the number of unshaded Hopf twists. Then

T(L) = TJ (L) + hs + hw:

Pro of This follows from the Euler characteristic of the link L,

V � E + R = 2;

whereV is the number of twists, E is 2 times the number of twists, and R
is the total number of exterior regions. Then the formula becomes

� T + rw + r s � 2 = 0 ) T = rw + r s � 2;

which is exactly what is needed.
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