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Abstract

Edge congestion can be thought of as the cutwidth of a graph. In
this paper we embed complete tripartite graphs into trees and spanning
trees and determine the tree congestionand the spanning tree congestion.
Considering a known theorem relating detours, tree congestion, and span-
ning tree congestion, we summarize results calculated for trees, complete
bipartite graphs, and grids. In addition, we investigate the congestion for
other families of graphs.

1 Intro duction

A graph, G, consistsof a set, V, of verticesand a set, E, of edgesthat join
pairs of distinct vertices together. A graph in which every vertex is connected
to every other vertex is called complete. A complete bipartite graph, K.,
consistsof two disjoint setsof vertices,M and N, suc that every vertex in M
is joined by an edgeto every vertex in N, wherejMj = m and jNj = n. A
complete tripartite graph K n.nq  cortains three disjoint sets of vertices, M ,N,,
and L, with jMj = m;jNj = n;andjLj = |, such that every vertex in M is
joined by an edgeto every vertex in N, every vertex in M is joined by an edge
to every vertex in L, and every vertex in N is joined by an edgeto every vertex
in L. Figure 1 showvs an example of K 3.4 and Figure 2 showvs an example of
K1;2:2.
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A linear emiedding of a graph, G, is a represenation of G with all of the
vertices and edgesof G embeddedonto a line. All edgesthat connect vertices
in the non-linear embedding of G also connectverticesin the linear embedding.
Figure 3 shaws an example of a linear embedding of a K 3.4.
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Figure 3: Linear Embedding of K 5.4

A cyclic emtedding of a graph, G, is a represenation of G in which all of
the vertices of G are embedded onto a cycle. All edgesthat connect vertices
in the original represenation of G also connectthe samevertices in the cyclic
embedding of G. The cyclic embedding of K 3.4 is shown in Figure 4.

The cut of a region is the number of edgesthat crossthe region between
two adjacert verticies in the graph. The cut of the shadedregionin Figure 3 is
seven whereasthe cut of the shadedregion in Figure 4 is three. The maximum
cut of an embedding of a graph is the largest cut that occurs on the graph.
Notice that the linear cutwidth, denotedlcw, in Figure 3 is eight and the cyclic
cutwidth, denoted ccw, in Figure 4 is v e. The minimum of all of the possi-
ble maximum cuts over all of the possibleembeddingsis calledthe cutwidth of G.

ccw

Figure 4: Cyclic Embedding of K 5.4

We shall now de ne the important terms and ideasin this paper. Let G
denote a connectedgraph in which Eg represens set the of edgesand Vg rep-
reseris the set of vertices. Let T denote a tree such that Vt = V. A spanning
tree of a connectedgraph, G, isatree, T, whereVr = Vg andEtr Eg. A path
in G is a sequenceof distinct vertices (Xi; Xi+1;::3;Xi+j) in which consecutive
vertices are connectedin G.



Let u and v be verticesin G. Two paths connecting u and v are edge-
disjoint if they shareno common edges. The maximal number of edge-disjoint
paths connectingu and v in G is denoted as m(u;v). Considering all possible
pairs of vertices, we determine the maximum over every m(u;v) and de ne it
asMeg:

Mg = maxf m(u; v)ju;v 2 Vs g:

For example, considerKs. Figure 5 shows a maximum of v e edge-disjoirt
paths in Kg betweenvertices 1 and 4, som(1;4) = 5. There is no vertex with
degreehigher than v e, therefore we would never be able to achieve a maximal
edge-disjoirt path higher than this. Thus, mg = 5.
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Figure 5: Kg

GivenG = (Vg;Eg), let T beatree such that Vit = V. The setof all trees
such that Vy = Vg is denoted Tg. A treein Tg is called a spanning tree if it is
a subgraph of G and connectsall the verticestogether with E1 Eg. Let Sg
denote the set of all spanning trees of G.

Each edgee = (a;b) in G correspondsto a path P in T connectingthe same
pair of vertices, a and b. We call these paths detours and denote the set of
detours as L. For a particular edgeg in T, we obtain the congestion of g,

c(g;T)=jfPg2 L :92 Pygj;

by courting the number of detours that g appearsin. The congestion of G
embeddedinto T is de ned asthe maximum c(g; T) over every edgeg in T.
More formally,

c(G:T)=maxfc(g;T)jg2 Erg:

This paper examinesthe tree congestionof G and the spanning tree conges-
tion of G. Treecongestioncan basically bethought of astree cutwidth. The tree
congestionof G is de ned as nding the the minimum c¢(G : T) by considering
every possibletree of G:

t(G) = nT1infc(G ' Ta:



Similarly, the spanning tree congestion of G looks at every spanning tree of
G instead of every singletree. That is we considerevery possiblespanningtree
of G and nd the minimum ¢(G : T):

s(G) = rTS1infc(G Ty

For example, for K1.2., we can create multiple spanning trees. Figure 6
below shows three possiblespanning trees for K 1.,.5.
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Figure 6: Three spanningtreesof K 1.5.»

Tables 1, 2, and 3 on the next pagelist ¢(g;S;) for eac edgein their cor-
responding spanning tree above. In Ki.2.2, we must consider every possible
spanning tree for the graph. We are looking at three possible spanning trees
and found s(K1.2.2) 3. Three is an upper bound for s(G), so Sz may be
the minimal spanning tree for G. It may be possible, however, that G has a
spanning tree with even smaller congestion.

The following theorem relates these conceptstogether in order to provide
bounds for t(G) and s(G).

Theorem (Ostrovskii, [8]): For any connectedgraph, G,
mg = t(G) s(G) jEgj Vejt 2.

The inequality t(G)  s(G) follows from the de nitions of t and s. The
set of all spanning treesis a (not necessarilya proper) subsetof the set of all
trees. If a spanning tree provides the minimum ¢(G : T) for all trees then
t(G) = s(G). However, there may be an instance in which the spanningtree is
not the minimum. In that case,t(G) < s(G). Recall that with trees, jVrj =
jVej and jEtj = jVgj 1. For ead edgewe considerthe detour Py in T. By
starting with a graph, G, we can take away

jEci jETi=jEc] (Ve 1)=]jEgc] jVej*+1
edgesto create one spanning tree. For every edgeof G that we remove,

there is a new detour in the tree sojEgj jVsj + 1 detours are created. An
edge,qg, in T belongsto at most all of the detours therefore edgeg belongsto



Detours | Congestion

g (mq;ng); (Mg gl ng); (me;ngla); (me;ngla;na;ls) 4
h (mq;ng;11;n2); (Me;ng; 1) (Ma; ng; L ngsl2); (N 11); (ng 1 ng; 1) 5
i (m1;n1;11;n2); (M ng; 1 n2;12); (N1 11 n2; 12); (N2; 1) 4
j (mq;na;le;n2;12); (N1 115 n2;12);5 (N2 12) 3
Table 1: Congestionin S;. ¢(K1.22:S1) = 5
Edge | Detours | Congestion
g (mg;nz;leng);(Masng); (Ma;nz;la); (M nz;lang;la) 4
h (m1;n2;11;n1); (M1 ng; 1N 12); (N 11); (n2;12) 4
[ (mq;n2;ly;ng;lo); (ng;l2) 3
j (mq;ngileng); (me;ng;la); (my;no;le;ng )5 (N2 1) (n2; 115 12) 5

Table 2: Congestionin Sy. ¢(K1.22:S2) =5

Edge | Detours | Congestion
g (mq;ng); (N my;la); (N my;la) 3
h (mqg;n2); (N2;my;l1); (N2, my;lo) 3
i (ma1;12); (n1; ma;12); (N2;ma; 1) 3
j (ma1;11);(n1; ma;11); (n2;ma; 1) 3

Table 3: Congestionin Sz. ¢(K1.2.2:S3) = 3



at most jE1j = jVgj + 1 detours. Remenber, g is also used as a detour for
itself thus the maximum number of detours g is apart of is JET] = jVg] + 2 so
s(G) jEec] Vet 2.

Ostrovskii devoted his paper to the minimization of the edge-congestiorover
all treeswith the samevertex setas G and over all spanningtrees of G.

2 Background

Graph theory hasbeenusefulin applications sudc asnetworking, circuit lay-
out, and code design. Cutwidth is one graph theory problem related to these
purposesby identifying the optimal way to arrange networks or circuits in such
a way that edgesare evenly distributed acrossto minimize the congestionbe-
tweenlocations. Chung [2] wasthe rst to work with linear cutwidth in 1988.
Since then, she has been followed by others sudh as Fransisco Rios [9], Matt
Johnson [7] and Megan Holben [6] who worked with linear (Icw) and cyclic
(ccw) cutwidths.

Rios provedthat for any completegraph, K, the cutwidths are equalto the
following:

( n? n is even,
lew(Kn)= 4 : ’
(Kn) b1l nisodd:

8 2
2 8 Diseven
cow(Kn) = _ 2% s odd;
021 pisodd:

In 2003, Johnson worked with the linear cutwidth and created an upper
and lower bound for the cyclic cutwidth of complete bipartite graphs. For any
complete bipartite graph K m:n :

mn H H "

LULS if mn is even

lew(Kmn ) = 2 . . ’
(Kimin ) mtl - if mn is odd:

mn if m and n are both even;
) = 4 ) !
coW(K min ) n*4 if m = n are odd:

Holben extended Johnson's results by nding the exact bounds for many
di erent cases.Her results are drawn from Johnson'ssecondtheorem.



o a m odd, j = &, ] odd;
e m 2(mod4), n odd, 2n m;
mt  m  0(mod4), n odd, 2n m;
m**2 - m even,n odd, 2n < m, | even,
m In<2n,m In 2(modd);

m+l*  meven,n odd, 2n < m, | even,

ceW(Kmn ) =

8 o m, n even;
% mhl modd,j = 1, j even
mn+j+2
m In<2n,m In 0(mod4d);
W m even,n odd, 2n < m, | even and n are both even,
m In<2n,m In 3(modd);
m+l* - m;nodd, m< n, | odd,
' n In<2m,n Im 2(mod4):

Heiko Schroder [11], Dwayne Clarke [3], and S. Bezrukov [1] also looked at
cyclic cutwidth. Schreder worked with the cyclic cutwidth of a two-dimensional
rectangular graph called a mesh, P, P,. Clarke modied the results and
found for a graph, G, which is P, P, meshwherem n 3,

8
3N 1 m=niseven
cow(G) = n m = n;n+ 1,and n is odd or;
T3 m=n;n+ 1;n+ 2, andn is even;

n+ 1 if otherwise

Victor Sciortino [12] explored three-dimensional meshesand proved for a
graph, G, whichisP; P, Pn mesh,

8

< 1 n=1;
cew(G)=_ n+1 2 n 5

) 6 n b5

JoesephChavez and Rolland Trapp [4] have completed the cyclic cutwidth
problem for trees and found that if T is a tree, the lcw(T) = ccw(T). In ajoint
paper with Bezrukov [1], they embeddedthe n-dimensionalcube onto aline and
a grid in ways to minimize the cutwidth aswell.

M.I. Ostrovskii [8] usedtrees asthe host graphs, but spanningtreesin par-
ticular. StephenHruska [5] hastaken Ostrovskii's theorem and investigatedthe
results for all trees, cyclic graphs, C,, complete graphs, K,, complete bipar-
tite graphs, Km.n, and grids. My paper extends Hruska's researd to complete
tri-partite graphs. Hruska's results follow:



2.0.1 Preliminaries
t(G) and s(G) of SomeFamilies

Trees

mg = t(G) = s(G) = 1
SupposeG is a tree. Sincethere is only one edge-disjoirt path from one
vertex to another, mg = t(G) = 1. In trees, JEgj = jVsj 1. Therefore
JEcj Vej+2=(Vs]j 1) jVej+2=1 Thus,1 s(G) 1landso
s(G) = 1.
Cyclic Graphs

mg = t(G) = s(G) = jJEg] [Vejt2=2
A cyclic graph, G, is a graph with vertices, Vi, wherei = 1;2;::;;n land
edges(vi;Vvi+1 ) and (vn;Vv1). Principally, a cyclic graph is an n-gon. There
are two edge-disjoirt paths from one vertex to an adjacert one, therefore
mg = t(G) = 2. jEgj = jVsj, SOjEg] jVej+ 2= 2 andthuss(G) = 2.
Complete Graphs

mg =t(G)=s(G)=n 1

o Vej+2=1 §+2
A graph with an edgebetween every pair of vertices is called complete.
Notice that in this cases(G) is not always equal to the upper bound.
As graphs become more complicated, mg, s(G), and the upper bound
iEcj jVej+ 2 diverge.
Complete Bipartite Graphs
t(G) = s(G) = 1whenm =1
mg = t(G)=n;s(G)=m+n 2whenm 2
JEgj jVej+t2=mn (Mm+n)+ 2.

Mg

Grids
G | me = t(G) | s(G) | jEej jVej+2
P, P, 1 1 1
P, P> 2 2 2
P, Pn(n>2) 3 3 n
P3 I:’n 3 3 2n 1
Pn Pm(@4 m) 4 m m? 2m+ 2
Pn Pn(4 m< n,modd) 4 m mn (m+n)+ 2
Pn Pn(4 m< n,mewen) 4 m+1|mn (Mm+n)+2




3 Main Results

3.1 Complete Tripartite Graphs

Recall that a complete tripartite graph, Kn.ni , is @ graph that contains
three disjoint setsof verticesM, N, and L, with jMj= m;jNj= n;andjLj= |,
such that every vertex in M is joined by an edgeto ewvery vertex in N, every
vertex in M is joined by an edgeto every vertex in L, and every vertex in N is
joined by an edgeto every vertex in L.

Theorem 1. For G= Kppy , Wwithm n |

I+1 ifm=1;
me=tC)= .1 itm 2

Pro of:

Let G be a complete tripartite graph and let M denote the set of vertices,
numbered 1;2;::;;m, let N denote the set of vertices numbered m + 1;m +
2;::;m+ n, and let L denotedthe set of verticesnumberedm+ n+ 1;m+ n+
2:om+n+l,withm n I

Proof whenm = 0

If m = 0 then G yields the complete bipartite graph and results hold
from Hruska's theorem.

Proof whenm =1

{ Case 1 Same Set: u;v2 N or u;v2L

Let u;v be verticesin G sud that u;v 2 N. For ead vertex
y in L, we can produce one edge-disjoirt path of length two, uyv.
SincejLj = I, this is a total of | paths. Additionally , we produce
one more path, uxv, for the one vertex, x, in M. So, the number of
edge-disjoirt pathsin G in this caseis |+ 1. Similarly, if u;v 2 L, the
number of edge-disjoirt paths in G isn+ 1. Becausen |, |+ 1is
the maximum number of edge-disjoirt paths when m = 1 and when
u and v arein the sameset.

{ Case 2 Dieren t Sets: (u2 M;v2 N)or (u2 M;v2L)or
(U2 N;v2L)
Let u 2 M;v 2 N. There is one direct path, uv, from u to
v. Additionally , for each vertex x in L we produce one more edge-
disjoint path of length two, uxv. SincejLj = I, this is a total of |
paths, thus, the maximum number of edge-disjoint paths in G in this
caseis also| + 1. Analogously, whenu 2 M;v 2 L the maximum
number of edge-disjoint pathsin Gisn+ 1. Whenu 2 N;v 2 L
there are three ways to create edge-disjoirt paths. First, there is the
direct connectionbetweenu and v. Next, there is one path of length



two, uxv, for the onevertex in setM . Finally, for each setN and L,
choosea distinct vertexy 2 N (y6 u) andz 2 L (z 6 v) and create
(n 1) paths of length three, uzyv, for every y in setN. Thus,in G
and the maximum number of edge-disjoirt pathsis2+ (n 1) = n+ 1.

Becausen I, n+ 1 [+ 1thusl+ 1isthe maximum number of
edge-disjoirt paths when m = 1 and when u and v are in dierent
sets.

As a result, no matter what setsu and v are in, the maximum number of
edge-disjoirt pathsis | + 1.

Proof whenm 2

{ Case 1 Same Set: u;v2 M or u;v2N or u;v2 L

Let u; v beverticesin G sud that u;v 2 M. For every vertex X
in setN we create one path of length two, uxv, for a total of n paths
and for every vertex y in set L we create 1 path of length two, uyv,
for a total of | paths. The maximum number of edge-disjoirt paths
in G in this caseis n+ |. Using the samemethods, whenu;v 2 N the
maximum number of edge-disjoirt pathsism+ |. When u;v 2 L the
maximum number of edge-disjoirt pathsism+n. Becausen n |,
the maximum number of edge-disjoirt paths whenm 2 and when
u and v arein the samesetis n + |.

{ Case 2 Dieren t Sets: u2 M;v2 N or u2 M;v2 L or
u2N;v2L

An examplewhenu and v arein di erent setsis shown in Figure
7 for K3.45. Let u2 M;v 2 N. We have three ways to create edge-
disjoint paths in G. First, there is one direct connection between
u and v. For each set M and N, choosea distinct vertexy 2 M
(y6u)andz2 N (z 6 v) and create(m 1) paths of length three,
uzyv, for every y in set M. We also have one path of length two,
uxv, for every vertex x in set L. This producesa total of | paths.
Thus, we can create a maximum of m + | edge-disjoirt paths in this
case. Similarly, whenu 2 M;v 2 L we cancreatem + n edge-disjoin
paths and when u 2 N;v 2 L we can create m + n edge-disjoirt
paths. Becausem n |, the maximum number of edge-disjoirt
paths whenm 2 and whenu and v arein dierent setsisn + I.

The maximal number of edge-disjoirt paths in Figure 7ism+ | = 8.
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Figure 7: K 3.4.5 Eight edge-disjoirt paths.

As a result, the maximum number of edgedisjoint paths connecting any
two verticeswhenm 2isn+ 1.

We concludethat mg = t(G) = | + Lwhenm = 1and mg = t(G) = n+ |
whenm 2 which completesthe proof of theorem 1.

Theorem 2. For G= Kmppy withm n |

_ 1+ 1 if m=1,
SC= m+n+l) 2 itm 2

Pro of

Pro of when m 2

Let G beagraph andlet M denotethe setof verticeshnumbered1; 2; :::; m,
let N denotethe set of verticesnumberedm+ 1;m+ 2;::;;m+ n, and let
L denotethe set of verticesnumberedm+ n+ 1;m+ n+ 2;::;m+ n+ [,
with m n . At this time we will provide a lower bound for s(G).

A complete tripartite graph with m 2, has no spanning tree that is a
star. In any spanningtree, S, of such agraphwith m 2, there must bea
path with length of at leastthree. Considera path with length of at least
three, P, and denote a subsetof the path asP; = (m+ Im+ n+ 1;m+
2;m+ n+ 2). Figure 8 shows how we build the spanningtree. BecauseP;
haslength three, we know there must be a parent edge,g, in middle of our
path. Let g= (m+ n+ 1;m+ 2) and notice that g splits the verticesinto
two distinct regions,A = fm+ 1;m+ n+ 1gandB = fm+ 2,m+ n+ 2g.
Edgegis usedfor detours(m+ 1;m+ n+ 2) and (m+ 2, m+ n+ 1). Every
remaining vertex in setN contributes oneto ¢(g : S) and every remaining
vertex in set L contributes oneto c(g : S) for a total of two counts to
edgeg. Without loss of generality, supposethe remaining vertices from
setN and setL arein region A. G is a complete tripartite graph, hence
no matter what region the remaining verticesfrom setN and setL arein

11



they will always needto be connectedto the verticesin their opposite set
in the opposite region. Therefore,wecansay c(g;S) 2+ (n 2)+ (I 2).

Becausem 2, wemust cortinue building our spanningtree using vertices
from setM . As before,no matter what setthe verticesfrom setM arein,
every vertex from set M will always needto be connectedto all vertices
from setN and setL in the opposite region. Therefore, g will be usedin at
least two more detours for every vertex in setM . Thus,setM cortributes
a total of 2m to c(g; S). Therefore, in any spanning tree, there is always
an edgeusedin at least@m+ (n 2)+ (I 2)+2=(2m+n+1) 2
detours, makingc(G:S) (2m+n+1) 2.

The congestion of g is true for any spanning tree of G becausethere
will always be a path of length of at least three when m 2, therefore,
S(Kmn1) (@m+n+1) 2

O

A

0O)
1

B

O

m+1

.
%
=
0
vast

m+i

.
h‘ ‘.

= 1
)
'l‘.

m+n+1
h""
= ]
Pl

.

m+n+k

m+2

m+n+2

m+n+

Figure 8: Building the spanningtree.

By creating a minimum spanningtree wherec(G : S) = 2m+n+1) 2we
createan upper bound for S(K m:n ) to conrm s(K mn ) = (2m+n+1) 2.

Once again, G is a graph and M denotes the set of vertices labeled
1;2;::;;m, N denotesthe set of vertices labeledm + 1;m + 2;::;;m + n,
and L denotesthe set of verticeslabeledm+ n+ 1;m+ n+ 2m+ n+ |,
with m n |. We create the minimum spanning tree, S, as shown in
Figure 9 asfollows:

Connect all vertices from set M and all vertices from set L to vertex
m + 1 from set N. Attach vertex (m + i) from setN to (m+ n+i 1)
from set L, for i = 2;3;4;:::;;n. Consider the parent edgeg = (m +
1;m+ n+ 1). Vertex (m + 2) contributes m+ (I 1) counts to g through
detours(m+ 2;m+ n+ 1;m+ 1;x) for every x in setM and in detours
(m+2;m+n+1;m+1;m+n+i) wherei 6 1. Vertex (m+ n+ 1) contributes
m+ (n 1) counts to g in detours(m+ n+ 1; m+ 1;x) for every x in setM
andin detours(m+n+1;m+1,m+n+j, m+i) wherei 6 2andj 6 1.
Therefore,edgegisusedin [m+ (n 1)+ m+ (I 1)]= 2m+n+1) 2
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detours concluding, c(g; S) = (2m+n+1) 2. By inspection, the remaining
parent edgesin S have detours equal to that of g.

For every vertex incident to a child edgefrom setM, h, ¢(h;S) = n+ |.
Similarly, for every vertex incident to a child edgefrom setN, r, c(r;S) =
m + |. Again, for every vertex incident to a child edgefrom setlL, g,
c(q; S) = m+ n. Consequetly, sihcem+n m+| m+n (@2m+n+
D 2,cKmnt :S)=@m+n+1) 2ands(Kmni) @Em+n+1) 2.

L 'm+n+(n-1)

m+n+2
m+n+1 L

Figure 9: Generic spanning tree that minimizes ¢(G : S) for K .y when
m 2

We have provided a lower bound and an upper bound for s(G) when
m 2, thusfor any spanningtree wecanconrm s(G) = 2m+n+1) 2.

Pro of when m = 1:

Remenber, G is a graph and M denotesthe set with one vertex labeled
1. Now let N denotethe set of verticeslabeled 2; 3;:::;;n+ 1 and L denote
the set of verticeslabeledn+ 2;n+ 3;::;;n+ 1+ 1,withm n 1|.Sis
one spanning tree of G.

Recall that in trees, JEgj = jVgj 1 and in complete tripartite graphs,
m n Isowhenm=1,n 2landl 1. Wewill create a minimum
spanning tree where ¢(G : S) = (I + 1) to provide an upper bound for
S(G). As shown in Figure 10, produce the minimum spanningtree, S, as
follows:

Connectevery vertex from setN and every vertex from setL to 1in setM
to generatea spanningtree that is a star. Considerthe edgeg = (1;n+ 2).
Edge g is usedin:

{ onedirect connectionfrom 1to n+ 2.

13



{ ead detour from setN to vertex n+ 2 of setL through 1, (i; 1;n+ 2),
fori= 2;3;::;;n+ 1in setN. So,all the verticesin setN cortribute
n courts to g.

Every vertex from setsM and N cortribute atotal of n+ 1to the conges-
tion of g. The congestionon all of the edgesincident to the verticesin set
L isn+ 1. Similarly, all of the edgesincident to the verticesin setN is|+ 1.

Figure 10 shows the spanningtree star that minimizes ¢(G : S) for K n.n:
whenm = 1. Notice that the longestpath haslength two. Becausem = 1
and n |, the number of verticesfrom setL determine how many detours
use edgeg. Consequetly, sincen+1 |+ 1,¢G:S)= (I+1)and
s(G) (I+1).

n+2

Figure 10: Generic spanning tree that minimizes ¢(G : S) for K m:n:
whenm =1

At this time we will prove the lower bound for s(K m.n ) to show that
s(Kmni ) = I + 1. In any spanning tree, S, there is a path of length at
least three or all paths are of length two. When all paths are of length
two S is a star and ¢(G : S) = (I + 1). So, now assumes is not a star.
Then there must be a path of length at least three. We will refer to the
lower bound casewhen m 2 and usethe previous notation to label the
verticesfrom setM, N, and L.

Recall that in the last casewe let P be a path and denoted a subset of
the path asP; = (m+ I,m+ n+ 1,m+ 2;m+ n+ 2). As in this case
whenm = 1, every vertex in set N cortributes oneto g and every vertex
from set L contributes oneto g for a total of two counts to ¢(g : S). No
matter what region we add vertices from set N or vertices from set L to
they will always needto be connectedto the verticesin the opposite set
in the opposite region. So,againwe havec(g:S) 2+ (n 2)+ (I 2).
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To be a complete tripartite graph, we must build onto our spanning tree
using vertex 1 from set M. As the casewhen adding vertices from the
other sets, no matter what region vertex 1 is addedto it will always need
useg in a detour to be connectedto both verticesin setsN and L the
opposite region. Therefore, g will be used in two more detours for the
one vertex in set M. Thus, vertex 1 from set M contributes 2 to c(g; S).
Therefore, in any spanning tree, there is always an edgeusedin at least
2+ 2)+ (1 2)+ 2(1)= (n+I) detours, making c(G:S) (n+1).
Obviously, (I + 1) (n+ 1) thus,s(G) (I + 1).

We have provided an upper bound, s(G) (I + 1), and a lower bound,
s(G) |+ 1, for s(G), thus, for any spanning tree we can conrm that
whenm = 1, 5(G) = (I + 1).

We proved that for G= Kppg withm n I, s(G) =1+ 1whenm=1
ands(G) = 2m+n+1) 2whenm 2.

Theorem 3. For G= Kppy withm n |
JEci jVej+2=(mn+ml+nl) (Mm+n+1)+2

Remenber that for any connected graph, Ostrovskii provided bounds for
t(G) and s(G). Recall the upper bound is JEgj jVg] + 2. Each vertex
in set M has degreem(n + 1) and ead vertex in set N has degreenl thus
jEgj= m(n+1)= mn+ ml+ nl. It is evidert that the number of vertices is
m + n+ |. Therefore,jEgj jVej+2=(Mn+ml+nl) (m+n+1)+ 2.

4 Conclusion

In this paper we have provided the maximum number of edge-disjoirt paths,
the tree congestion,and spanningtree congestionfor completetri-partite graphs.
With the many applications that cutwidth is usedin, it would be useful to
compareresults using spanning trees versusother host graphs. It is interesting
to note that using the spanning tree for the complete bi-partite graph, K n.n ,
saveson congestionwhen comparedto the linear cutwidth of K ., . However,
in other casessud as grids there are no or only very little savings. Further
investigation is still neededfor other families of graphsaswell such ascomplete
n-partite graphs, three-dimensionalgrids, and product graphs.
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