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Abstract

This paper looks at stick number of links and knots. We 'nd an upper
bound for n-integer Conway links, and classify all two componernt links
with stick number of eight or less.

1 Intro duction

The knot theory was born at the end of 19th certury. It was believed that
some of the atoms of a substancecalled ether could be represerned by knots.
Howewer, this hypothes was incorrect and knot theory was left by chemists.
This is when mathematicians got interested in knots. Knots were classi ed and
put in the table accordingto speci ¢ notation which | will describe later. And
then in 1980s,it wasdiscoveredthat DNA moleculeshave a structures of knots.
Finally knot theory could be applied to synthetic chemistry. Knot theory has
also found someapplications in theoretical physics.

2 Background

As the name knot theory suggests,this "eld of mathematics is talking about
knots. A knot is a knotted loop of string, wherethe string hasno thickness,and
its cross-sectionis a single point. An exampleis a trefoil knot shown in Figure
labelow. A link is a setof knotted componerts all tangled up together, like the
Hopf link shown in Figure 1b. Knots are the subsetof links consisting of those
with one componert . A crossing of a link is a place where one of the strings
goesover or under another depending on the projection. The crossing number
is the minimum nubmer of crossingsof a link L in any projection, denoted by
c[lL]. A tangle is just a region in the projection plane surrounded by a circle
such that the knot or link crosseghe circle exactly four times.
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Figure 1. (a) trefoil knot. (b) Hopf link.

A link can be represerted using sticks. For example, an unknot can be repre-
serted as a triangle using three sticks. The stick number, denoted by s[L], of
a link L is the minimum number of sticks neededto form L.

Now that we have all theselinks a question that might arrise is how do we
now which link is which, or is there a method of producing a link. The “rst time
that the knots weretabulated wasdoneby Peter Guthrie Tait, and he tabulated
the knots with up to ten crossings. Right now knots of up to 16 crossingsare
tabulated, accordingto [5], and for examplethere are 9988knots of 13 crossings.
The number of knots with 17 or more crossingsis not known. There are di®eren
notations that help us to make or identify a given link. The onethat | will be
dealing with in this paper is Conway's notation , which wasinvented by John
H. Conway in 1969,see[3]. Before we getto Conway's notation considerFigure
2 below. We seetwo tangles, tangle (a) is 0-tangle and tangle (b) is 1 -tangle.

@) (b)
Figure 2. (a) O-tangle. (b) 1 -tangle

We can form a tangle with let's say two crossings,starting with O-tangle and
twisting the string twice. We would denote this tangle by 2, asin Figure 3a.
It has two crossingsand the overcrossingstring has a positive slope. If the
overcrossingstring had a negative slope we would denote this tangle by -2, as
in Figure 3b.

(a) (b)
Figure 3. (a) 2 tangle. (b) -2 tangle.



We can add more integers, thus, adding more crossings, for example tangle
denoted by 232. We would start with our tangle in Figure 3a. Then ead time
we have another integer we will re°ect the tangle about it's NW-SE axis (in
[3] Conway namesit principal diagonal), and then add 3 more twists. We will
repeat this processuntil we get to last integer, in our case2. The processis
illustrated in Figure 4.

@) (b)
Figure 4. Forming 232tangle. (a) 23 tangle. (b) 232tangle.

All tanglesformed this way are called rational tangles . Now if we connectthe
right top with the left top and right bottom with the left bottom of a tangle
we will form a rational link . It is worth mentioning that not all tangles are
formed this way. In [3] Conway describesother ways of obtaining tangles, which
lead to other generallinks.

Another important idea which | will uselater is linking number. In order
to nd alinking number, rst we have to assignan orientation to the link we
wish to nd the linking number of. Then we look at all crossings,and identify
eath as +1 or -1, as it is showvn in Figure 5. We add all the +1's and -1's
corresponding to crossingsof di®erent componerts, and divide the sum by two.
The absolute value of the quotient givesus the linking number. For example,
Hopf link in Figure 1b haslinking number 1.

(a) (b)
Figure 5. Linking number.(a) +1. (b) -1.

All the above de nitions can be found in any Knot Theory book. During
the REU program we! inverted a move that will help us produce stick repre-
sertations of knots.

De nition 1 The angle ® at vertex v in a stick representation of a link L
created by two edgesadjecent to vertex v is called a clasp angle, and
0 ® 180°.
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De nition 2 Let v be a vertex with claspangle ®, and e be an edgein a stick
representation of a link L, where e is not contained within the angle ®, then the
clasp move can be performed on v and e if the plane containing v and e divides
the clasp angle. (see the Figure 6)

(a) (b)
Figure 6. (a) Clasp angle. (b) Clasp move.

The topic of this paper was motivated by a paper written by Eric Fursten-
berg, Jie Li, and Jodi Schneider, titled \Stic k Knots", [4]. Among many di®erert
topics, they consideredan upper bound for a stick number using Conway no-
tation. In the paper they de ned few ideasthat | will restate. A free vertex
is a vertex that is produced by two sticks, one of them forming a crossingwith
another stick, as shavn in the Figure 7.

Figure 7. Free vertex D.

An n-integer Conway knot is a rational knot which can be expressedin
Conway's notation with exactly n positive or n negative integers. These are
guaranteed to produce alternating projections. Similairly |1 de ned a n-in teger
Conway link beinga rational link which can be expressedn Conway notation
with exactly n positive or n negative integers.

The authors of [4] used the idea of the free vertex to prove the following
lemma.

Lemma 1 Given the projection of a stick knot K, if there is at least one free
vertex, the addition of two sticks can changethat crossinginto three crossings.

Using the above Lemma they found an upper bound of a stick number for
1, 2, and 3-integer Conway knots, which is:

for c[K], 6,wehaveslK]- cK]+ 2 Q)

My goal is to extend the idea of upper bound for a stick number from [4]
to n-integer Conway links. | followed the ideasthat were usedin their proofs,
and | was able to prove the upper bound of a stick number for 4-integer Con-
way knots. Howewer, the proof becomesvery tedious onceit comesto prove it



for 5, 6, up to n-integer Conway links. The reasonis that the number of basic
caseghat will generatethe other knots increasesdramatically. For example,the
number of basic casesfor 1-integer Conway knots is just oneand it is knot 7;.
For 2-integer Conway knots the number of generatorsincreasesto three, that
is knots 6;; 72, and 73. When it comesto 3-integer Conway knots the number
of casesincreasesto six that is knots 6,; 74; 75; 84; 85, and 99. What Diana?
and | realizedis that someof the casedor 3-integer knots are already generated
by the onesthat are included as generators. That is, knot 8, and 85 can be
generatedfrom knot 6, and knot 99 can be generatedfrom knot 75. Thus, the
number of casesreducesto 3. A similar reduction can be accomplishedwith
4-integer knots, and actually this is what | did. However, the number of caseds
still large. For somereasonthe [4] didn't considerlinks. | wonderedwhy. The
reasonmight be that the free vertex idea was not enoughto provide as excient
upper bounds. That is the link 42 can be made with 7 sticks as shown in [2],
sothat would meanthat adding 2 sticks increasesthe number of crossingsto 6,
but alsoincreasesthe number of sticks to nine. This doesn't satisfy the same
inequality. Howewer, the authors of [4], as well as[2], were not aware of a clasp
move. Using the clasp move | was able to produce links 62, 63, and 63 with 8
sticks eah. Now using the idea of a free vertex | was able to prove the upper
bound in (1) for 1, 2, and 3-integer Conway links. The question still remains
open as far as n-integer Conway knots and links.

3 Two-component links with s[L]- 8

Not knowing how to get started on general proof of upper bound for a stick
number for knots, | decidedto take it one step at a time, and seewhy authors
of [4] neglectedlinks. According to Theorem 2.1 in [2] the only links that can
be made with eight or fewer sticks are links 02, 22, 42, and 52. The next link in
the table of knots and links in [1] is link 62, and sinceit cannot be made with
eight sticks the inequality s[K] - c[K]+ 2 would not be satis ed. However,
the invertion of clasp move shows that there are two more two-componert links
that have stick represertation equalto eight, and the idea of the linking number
gave me a hint that link 63 might have also eight sticks. If we start with a Hopf
link which hasa stick number of 6 then two clasp moveswill produce either link
62, 63, or 65 depending on how we chooseour over and under crossings. The
procedureis preserted in the Figure 6 on the next page.

Theorem 1 Links 62, 62, and 65 have stick numker equal to eight.

Proof: Assumethat 6%, 63, and 63 can be madewith 7 sticks. That meansthat
one of the componerts must be a triangle and another must be a quadrilateral.
However, none of the combinations of 62 or 63 will produce a link with 6 al-
ternating crossingsand linking number equal to three. When we project into
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one of the sticks of the quadrilateral from 63, the projection will give us two
triangles. We can't have two triangles with six alternating crossings. Therefore,
the stick number must be eight sinceit is showvn in the Figure 8 below.

(@) (b) ()

Figure 8. Two-componert links with their Conway's notation.
(a) 62, 6. (b) 63, 33. (c) 63, 222.

4 Upp er bound of stick number for two-comp onent
links

The following three theoremswere motivated by [4]. A basecaseis a link from
which other links can be generated. For example, if we take a look at one-
integer Conway link 62, its Conway notation is 6. Looking at Figure 8a we can
chooseany of the verticesto be a free vertex, and by Lemmal the addition of
two sticks will increasethe crossingnumber by two, therefore, producing link 82
with Conway notation of 8. The results from previous section are very helpful,
especially the invertion of link 63 with 8 sticks. One and two-integer Conway
links have one basecaseead, 6 and 63 respectively. When it comesto three-
integer Conway links, the number of basecasesincreasesto four, and they are:
63, 72, 75, and 83, which can be made with 8, 9, 9, and 10 sticks respectively,
asshown in Figures 8c, and 9.

(@) (b) ()

Figure 9. Two-componert links with their Conway's notation.
(a) 72, 412. (b) 73, 232. (c) 83, 323.

Theorem 2 The upper bound for one-integer Conway links with c[K], 6 is
s[K]- K]+ 2

Proof: It wasshown in Figure 8athat one-irtegerlink 62 canbe madewith eight
sticks, and this will be our basecase. Any of the vertices can be a free vertex
depending on a projection. So if we choosea free vertex then using Lemmal
we can transform that link into link 82. By repeating this procedure we can
generateall one-integer links.



Theorem 3 The upper bound for two-integer Conway links with c[K], 6 is
s[K]- K]+ 2

Proof: In Figure 8b we have shown that link 65 can be constructed with eight
sticks. Again this will be our basecase. A free vertex can be chosenand by
Lemmal we can generatelink 8% with 10 sticks. Therefore all the two-integer
Conway links can be genereatedthis way.

Theorem 4 The upper bound for three-integer Conway links with c[K], 6 is
s[K]: K]+ 2.

Proof: In Figure 8c and we have shown that link 63 can be constructed with
eight sticks. In Figure 9 we have shown our other three base caseswhich can
be made with 9, 9, and 10 sticks respectively. Each of the basecaseshas a free
vertex, and ead of our basecaseswill generateother links. For example, link
63 will generateeither link 8% or 82, depending where we choseour free vertex
to be. We can generateall three-integer Conway links this way.

The questionabout the upper bound for any link remainsstill open. It seems
that the upper bound that | usedin Theorems2, 3, and 4 might be the answer.
But even better questionis, can this upper bound be improved.

During the REU program we were using a DrawKnot program, written by
Dr. Rolland Trapp on Maple, to draw links in stick represettation. The program
intakesthe vertices of the links and outputs pictures such as Figure 8.
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