Math 331 Handout # 1 Winter, 2012

. Let V be a vector space and u,v,w € V such that u + v = v+ w. Then prove that v = w.
utv=u+w = —u+tut+v=—-ututw(since —uveV) = (—utu)+v=(—ut+u)+w
(since associative law under addition holds in V) = 0+ v = 04 w (since —u is the additive
inverse of u € V) = v = w(since 0 is the zero vector of V).

. Let v be any element of a vector space V, and let ¢ be any scalar. Then

(a) Ov =0y

Ov=(0+0)v =00+ 0v. 0v =00+ 0v = Oy +0v=0v+0v = Oy = 0v (by 1 above).
(b) COV = OV

Oy = c¢(0y +0y) = 0y + cOy. Oy = Oy + 0, = Oy = 0y (as above)

(¢) If ev = Oy, then ¢=0 or v=0y.

Assume ¢ # 0. Then L(cv) = 1(0y) = v=0y.

d) (-1)v=—-vYveV.

Let v € V. Prove: (—1)v = —v

(—Dv+v=(—1)v+ 1v (since lv =v Vv € V) = (=1 + 1)v (since (¢ + d)v = cv + dv Ve, d € R)
Ov = 0 (since Ov = OVv € V). Hence (—1)v+v=0. = (—1)v = —v.

. Prove that every vector space has exactly one zero vector. Let 0,0" be zero vectors of V. Prove
0=0.

0+ 0" =0 (since 0 is a vector of V and 0’ is a zero vector of V). 0+ 0" = 0’ (since 0 is a vector of
V and 0 is a zero vector of V). Thus 0 =0+ 0" = 0’. Hence 0 = 0'.

. Prove that in a vector space V, the additive inverse of a vector is unique. Let v € V and let —v
and u be its inverses. Prove —v = u.
Now v + (—v) = 0y and v + u = Oy. Thus v + (—v) = v + u. Hence u = —v (by 1 above).

. If V and W are both subspaces of a vector space U, then the intersection of V and W (denoted
by V NW) is also a subspace of U.

We apply the ”subspace criterion” to VN W.

1. Oy € V and Oy € W, since V and W are subspaces of U. Hence 0y € VN W.

2. Let u,v € VNW. Then u,v € V and u,v € W (definition of intersection). Now u,v € V
= wu+wv €V (axiom 1 (since V is a subspace and therefore a vectorspace)) and u,v € W =

u—+v €W (axiom 1 (since W is a subspace and therefore a vectorspace)). Thus u +v € VN W.

3. Let ce Rand u € VNW. Then v € V and u € W (definition of intersection). Now u € V
and c€ R = cu € V (axiom 6 (since V is a subspace and therefore a vectorspace)) and u € W
and c € R = cu € W (axiom 6 (since W is a subspace and therefore a vectorspace)). Thus
cuc VNW.

. A set S = {vi,ve,...,ut}, k > 2, is linearly dependent if and only if one of the vectors v; is a
linear combination of the other vectors in S.
(=): Assume S = {v1,v9,...,v%}, k > 2, is linearly dependent. =— 3 ¢q,ca,..., ¢k, not all

zero, such that civy 4+ cova + ... 4+ cxvr = Oy. Assume ¢; # 0. Then vy = (f%)w + ...+ (f%’f)vk
(«<=): Assume v1 = cova + c3v3 + ...+ cvE. Then (—1)vy + cova + c3vs + ... + cxvr, = Oy. Hence
S = {v1,va,...,0;}, k > 2, is linearly dependent.

. Two vectors u and v in a vector space V are linearly dependent if and only if one is a scalar multiple
of the other.

(=): Assume u and v are linearly dependent. Then 3 ¢1,ca € R, not both zero, such that
c1u + cov = Oy. Assume ¢; # 0. Then u = (—Z—f)v.

(<=): Assume u = cv, for some ¢ € R. Then (—1)u + cv = Oy. Thus u and v are linearly
dependent.
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Let S and 5" be subsets of the vector space V such that S’ C S, say S = {v1,v2,v3,v4,v5} and
SI = {1}1,1}2,’03}.

(a) If S is linearly independent, then S’ is linearly independent.
Assume S’ is linearly dependent. Thus exists c1,co,c3 € R, not all zero, such that civ; +
covg +c3vg = 0,. = exists c1,co,C3,0a4,a5 € R, not all zero, such that cyvy + covs + c3vs +
a4v4 + asvs = 0,. Hence S is linearly dependent, a contradiction to the given.

(b) If S’ is linearly dependent, then S is linearly dependent.
The required statement is equivalent to "If S is linearly independent, then S’ is linearly
independent”.

Given that {uy, us, ..., u,} is alinearly independent set of vectors and that the set {uy, ua, ..., u,, v}
is linearly dependent, then v is a linear combination of the u;’s.

{uy,ug,...,up, v} is linearly dependent — 3Jey,ca,...,cpn, Cnt1, not all zero, such that cjui +
Cotta + ... + cpy + cpy1v = Oy I ¢py1 = o, then {uj,us,...,u,} is a linearly dependent, a
contradiction. Thus ¢,4+1 # 0. Hence —c¢p11v = c1us + cauz + ... + cpuy, and v = (fcncil Jug +
(—=2)ug + ...+ (— =2 uy.

Cn+1 Cn+41

If the vector space V is spanned by {v1,va,...,v;} and one of these vectors can be written as a
linear combination of the other k-1 vectors, then prove that the span of these k-1 vectors is also V.

S = {v1,va,...,v,} is a basis for a vector space V if and only if every vector v in V can be written
in exactly one way as a linear combination of vectors in S.

(=): Assume v = ¢1v1 +cova+. .. +cpv, and v = dyvy +dave+. .. +dpuv, Then (¢1 —dy)vy +(co—
do)va + ...+ (¢, — dp)vy, = Oy. Since S = {v1,v2,...,v,} is linearly independent, (¢; — d;) = 0,
for each i, 1 <7 <mn and so ¢; = d;, for each i, 1 <i < n.

(<=): Assume every vector v in V can be written in exactly one way as a linear combination of
vectors in S. Then S = {vy,va,...,v,} spans V, and S is linearly independent since 0v; + Ove +
it 00, =0y =civ1 + o2+ ...+ cv,, = ¢; =0, foreachi, 1 <i<n.

If S = {vy,v9,...,v,} is a basis for a vector space V, then every set containing more than n vectors
in V is linearly dependent.
The above statement is equivalent to: Let S = {wy,vs,...,v,} be a basis for a vector space V.

Then every linearly independent set of vectors in V has less than or equal to n vectors.

If a vector space V has one basis with n vectors, then every basis for V has n vectors.
Let B and B’ be bases of V with m and n vectors, respectively. Prove m=n. Since B is a basis and
B’ is linearly independent, n < m. Since B’ is a basis and B is linearly independent, m < n.

Let V be a vector space of dimension n.

(a) If S = {v1,va,...,v,} is a linearly independent set of vectors in V, then S is a basis for V.
S is a subset of a basis B of V ( see 18 below). Since |B| = dimV = n, S=B. Thus S is a basis
for V.

(b) If S = {v1,va,...,v,} spans V, then S is a basis for V.
S contains a basis B of V ( see 17 below ). Since |S| = |B| = n, S=B. Thus S is a basis for V.

If V is a vector space with dim(V) = n, then any set of n+1 vectors in V is linearly dependent.
By 14(a) above, if S = {v1,vs,...,v,} be a basis for a vector space V. Then every linearly inde-
pendent set of vectors in V has less than or equal to n vectors.

If S = {v1,ve,...,v,} is a basis for a vector space V and c is a nonzero real number, then S; =
{cv1, cva, ..., cv,} is also a basis for V.

Since dim(V) = n and S; has n vectors, it suffices to show that S; is linearly independent. Assume
c1(evr) + e1(ev) + ... + ep(evy) = 0y. Then (c1¢)vy + (¢c1¢)va + ... + (¢nc)v, = Oy. Since S is
linearly independent, cc; = 0, for each i, 1 < i < n. Thus ¢; = 0, for each i, 1 < i < n, since ¢ # 0.
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Let S be a spanning set for the finite dimensional vector space V. Then there exists a subset S’ of
S that forms a basis for V. That is: Every spanning set contains a basis.

Let S be a linearly independent set of vectors from the finite dimensional vector space V. Then
there exists a basis for V containing S.
That is: Every linearly independent set can be extended to give a basis.

Let V be a vector space of dimension n. Then any set of less than n vectors cannot span V.
Since a set of less than n vectors cannot contain a basis of V with n vectors (dim V = n).

If A is an n X n matrix, then the following conditions are equivalent.
A is invertible.

Ax=Db has a unique solution for any n x 1 matrix b.

Ax=0 has only the trivial solution.

A is row-equivalent to I,,.

4] 0.

Rank(A)=n.

The n row vectors of A are linearly independent.

The n column vectors of A are linearly independent.
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