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1. If {a,} is bounded and increasing then {a, } converges.
{an} is bounded = A = {a, : n € N} is bounded above and nonempty. Let o = sup A. Let
€ > 0. Then 3 a,, € Asuch that a —e < a,,. = a—€<ap, <a, <aVn>ng.

2. If {a,} is bounded and decreasing then {a, } converges.
{an} is bounded = A = {a,, : n € N} is bounded below and nonempty. Let 8 = inf A. Let
e > 0. Then 3 a,, € A such that a,, < B+€ = an < ap, < B +€Vn>nyg.

3. If the sequence {a,} is increasing and not bounded above, then prove that {a,} diverges to co.
Let M > 0. Find an ng € N such that if n > ng then a,, > M.
{a,} is unbounded = A = {a,, : n € N} is unbounded above. Thus, 3 an ng € N such that
an, € A and an, > M. Now {a,} is increasing = a, > an, Vn > ng. Hence, if n > ng then
an, > M. So a, — co.

4. If {ny} is a strictly increasing sequence of positive integers then ny, > k Vk € N.
Prove by induction: (1) ny > 1, by definition. (2) Assume ng > k. (3) ng41 > ng, by definition of
ng. By (2) ng > k. Thus ngy1 > ng > k. So ngy1 > k. Hence npq > k+ 1.

5. If the sequence {a,} converges to a, then every subsequence of {a,} also converges to a.
Let € > 0. Find kg € N such that |a,, —a| < € Yk > ko. a, — a = 3Ing € N such that
lan, —a| < € Vn > ng. Choose kg = ng. If k > ko = no, then (since ng, > k > ko = ng) |an, —al <e.

6. Every sequence has a monotonic subsequence.

Let {a,} be a sequence. Let S be the set of all positive integers n such that a, is a lower bound
for the set {an+1,@n+2,an+3,...}. If S is infinite, then S can be expressed as a strictly increasing
sequence {ny} and the subsequence {a,, } is increasing. If S is finite, then there exists an integer
ng larger than every element in S. Let n; be larger than ng. Since n; ¢ S, a,, is not a lower
bound for the set {a,,+1,an,+2, @n,+3,- - .}, so there exists an integer ny > n; such that a,, < a,.
Similarly, there exists an integer ns > ng such that a,, < a,,. Continuing this process yields a
decreasing sequence {ay, }.

7. Bolzano-Weierstrass: Every bounded sequence has a convergent subsequence.
Let {a,} be a bounded sequence. So 3 M such that |a,| < M Vn € N. Also, {a,} has a monotonic
subsequence, say {an, } (by 2 above). Then |a,,| < M Vk € N (since ay,, k € N are some of the
terms of the sequence {a,} and |a,| < M Vn € N). Thus {a,,} is bounded and monotonic and
therefore converges (since ”every bounded and monotonic sequence converges”). Hence {a,} has
a convergent subsequence {a, }.

8. Every convergent sequence is a Cauchy sequence.
Let € > 0. {a,} converges to a == Ing € N such that |a, —a| < §Vn > ng. Then, if m,n > ny,
then |ay, — apm| = |an —a+a—ap| < |an —al+|a—an| = |an —a| + |am —a| = |an, —al+|am —a] <
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Every Cauchy sequence is bounded.

{an} is Cauchy = 3 ng € N such that |a, — am| < 1Vm,n > ng. So |an| — |an,| < |an — any| <
1¥n > ng = |an| < 14 |an,|¥n > ng. Define M =Max{|a1|, |az|,...,|anel, 1 + |any|}. Thus
lan| < M Vn e N.

If a Cauchy sequence {a,} has a convergent subsequence, then {a,} converges.

Let {an,} be a subsequence of the Cauchy sequence {a,} and let {a,,} converge to a. Let
€ > 0. Since {a,} is Cauchy, In; € N such that |a, — p,| < §Ym,n > n; and since {a,, }
converges to a, 3k1 € N |a,, —a|] < §Vk > ki (Note that |a,, —a| < § is satisfied by all
ng € {Nky, Ny +1, My 42, - - - }.). Choose ng = Max {n1,k1}. If n > ng, (since ny,, > ng > ny and
no > k1), then |a, —a| <la, —an, |+ |an,, —af <e.

Every Cauchy sequence converges.
Let {a,} be a Cauchy sequence. Then {a,} is bounded, by 9 above. = {a,} has a convergent
subsequence (Bolzano-Weierstrass). = {a,} converges, by 10 above.

Theorem 2.4.7: Let £ C R.

(a) If p is a limit point of E, then every neighborhood of p contains infinitely many points of E.
Assume there is a nhd M of p with M N E\ {p} = {¢1,92,...,q9n}. Take e = Min {|¢1 — p|, |¢2 —
ply.-.y|qn—p|}. Then e > 0 and Ne(p)NE\{p} =0 (since r € N(p) = |r—p| <e<|g—p =
r # ;). = p is not a limit point of E.

(b) If p is a limit point of F, then there exists a sequence {p,} in E, with p, # p for all n € N,
such that nli)moo Pn = D.

p is a limit point of & = Vn € N Jp,, € E \ {p} such that |p, — p| < %

Corollary 2.4.8: A finite set has no limit points.
Let A be a finite set and p € R. Then no nhd of p contains infinitely many points of A. So 3 a
nhd of p that does not contain infinitely many points of A.

Every e—neighborhood is open.

Let p € R and let € > 0. Show that N.(p) is open. Let ¢ € N¢(p). Define § = € — |¢ — p|. Note
0 > 0since ¢ € Ne(p) = |¢—p| < e. Now prove Ns(q) € Ne(p). Let © € Ns(¢q). Then
e —pl=lz—qg+q—p/ <|lr—q|+]¢g—p|<d+|¢g—p|=05+ (e —0) =€. Soz € N(p).

Theorem 3.1.5: Every open interval in R is an open set.

Open Intervals in R are: (a,b), (a,00), (—o00,a), and (—o0,00).

open subset of R.

Open Intervals are: (a,b), (a,0), (—o0,a), and (—o0, 00).

Prove : (—00,00) is open: Let p € (—00,00). Then N.(p) = (p —€,p+¢€) C (—00,0) Ve > 0.
Prove (a,b) is open: Let p € (a,b). Choose e = Min {p —a,b—p}. Thena<p—e<p<p+e<
p+b—p=>. Thus (p—¢,p+¢€) C (a,b).

Prove (a,o0) is open .

Let p € (a,00). Find an € > 0 such that N.(p) C (a,00). Choose € = p —a. Then € > 0 (since
p€(a,00) = p>a = p—a>0). Then NNp)=p—¢,p+e)=p—(p—a),p+(p—a)) =
(a,2p — a) C (a,00). (Note that any € such that 0 < € < p — a will also work). So (a,o0) is open.

Prove that (—o0,a) is open:

Let p € (—o0,a). Find an € > 0 such that N(p) C (—o0,a). Choose ¢ = a —p. Then € > 0 (since
pE(—00,a) = p<a = a—p>0). Then N(p) =(p—e,p+¢)=(p—(a—p),p+(a—p)) =
(2p—a,a) C (—o0,a). (Note that any e such that 0 < € < a—p will also work). So (—oo, a) is open.

Theorem 3.1.6 (a) For any collection {O, : @ € I} of open subsets of R, Uac1O, is open.
Let p € Uye1Oq. Then p € O, for some « € I and O, is open.
(b) For any finite collection {O1,Oa,...,0,} of open subsets of R, N?_;0; is open.
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Let p € N?_,0;. Then p € O;¥i € {1,2,...,n}. = Je; > 0 such that N (p) C O;Vi €
{1,2,...,n}. Choose ¢ = Min {ey,€2,...,€,}. Then N(p) C O;¥i € {1,2,...,n} (since ¢ €
Ne(p) = |q 7p| <e€ S € — q S Ne7(p) - Ol) Ed Ne(p) - m?:loi-

Every closed interval in R is a closed set.

[a,00)¢ = (—00,a), an open set (as shown above). Thus the complement of [a,o0) is open. Hence
[a,00) is closed (by definition of a closed set).

(—00,al® = (a,00), an open set (as shown above). Thus the complement of (—o0, a] is open. Hence
(—00,al is closed (by definition of a closed set).

[

a,b)® = (—o0,a) U (b,00), a union of two open sets (as shown above) and therefore open. Thus
the complement of [a, b] is open. Hence [a, b] is closed (by definition of a closed set).

Theorem 3.1.7: (a) For any collection {F, : o € I'} of closed subsets of R, NyerF, is closed.
(NaerFa)® = Uner FS. Now apply Theorem 3.1.6(a).

(b) For any finite collection {Fy, Fa, ..., F,,} of closed subsets of R, U, F; is closed.

(Ul F;)° = NI Ff. Now apply Theorem 3.1.6(b).

Theorem 3.1.9: A subset F' of R is closed if and only if F' contains all its limit points.

(=) Assume F is closed. Let p be a limit point of F. Show p € F. Suppose p ¢ F = p € F°.
= 3 e > 0 such that N.(p) C F° (since F° is open). = p is not a limit point of F.

(<=) Assume F contains all its limit points. In order to show F is closed, prove F° is open. Let
p € F¢. Then p is not a limit point of F' (since F' contains all its limit points). = Je > 0 such
that N.(p) \ {p} N F = 0.

The set of limit points of a set is closed.

Let £ C R and E’ be the set of limit points of E. We need to prove that E’ is closed. So we
will show that E’ contains all of its limit points (F' C R is closed <= F contains all of its limit
points). Let p be a limit point of E’. Prove: p € E’. We will show that p is a limit point of E
(since p € B/ <= p is a limit point of E). Let € > 0 and prove N.(p) N E \ {p} # 0; that is,
E contains a point of N.(p), other than p. Now N.(p) N E’'\ {p} # 0 (since p is a limit point
of E'). Thus 3¢ € N.(p)NE'\{p} = q € N.(p) and g € E'\{p}. g€ E'\p = qisa
limit point of E(definition of E’) and ¢ € N.(p) = I a § > 0 such that Ns(q) C Nc(p) (since
N(p) = (p—€,p+€) is open). Since ¢ is a limit point of E, Ns(q) has infinitely many points of E
and hence a point of F, other than p. Thus N.(p), (since Ns(q) C N(p)), has a point of E, other
than p.



