Homework #3 (SOLUTIONS)
Math 553 DUE: October 27, 2009

1. If the sequence {a,} is decreasing and bounded below then prove that {a,} converges.
{a,} is bounded below =— A = {a, : n € N} is bounded below and nonempty. Let § = inf
A. Let € > 0. Find ng € N such that if n > ng, then |a, — 5] < e. Now 3 < B+e€ Sof+e
is not a lower bound of A. Then 3 a,, € A such that a,, < §+ €. But {a,} is decreasing =
ap, < apVn > ng. Thus, a, < ap, < B+ € Vn > nyg.
Hence, 8<a, <fB+eVn>ngorfB—e<a,<B+eVn>ng

2. Use the definition to prove that the following are true.

(a) lim n42?5i-1 = 400

n—oo

Let M > 0. Find an ng € N such that if n > ng then 4/ ";;1 > M.

/ / 2
Noww/";'g'l:%>T”4(sincen4+l>n4):%2%. Now ¢ > M = n > 4M.

Choose ng > 4M.

(b) lim n®+11 = 400

n—oo n?2+65

Let M > 0. Find an ng € N such that if n > ng then Z:iéé > M.
3 3 . 3
Now Zﬂéé > s (since nd +11 > n3) > e (assume n > 9. Then 65 < n2 =
3

712
65+n2<n?+n? = :2"?:%. Then%>Mzn>2M. Choose
ng >Max {9,2M }.

__1 1
65+n2 > n2+n2)

(©) o, (n® —n®) = —o0

Let M > 0. Find an no € N such that if n > ng then (n® —n%) < —M.
Now (n®—n®) = —n®(n—1) < —n® (assumen >2.n>2 = (n—1)>1 = —n’(n—1) <
—n%)) < —n < —M. Thus n > M. Choose ng >Max {2, M}.

(d) lim n—1 =00

n—oo n?

Let M > 0. Find an ng € N such that if n > ng then n’~1 5 M.

n2

3 3.2 X
Now ”n§1 > - (sincen > 1 = n?2>1 = —n?2<-1 = n?-n?2<nd-1)

=m0l 1 Nown—1>M = n> M+ 1. Choose ng > M + 1.
() ™ (n* 4 (=1)"n) = o0

Let M > 0. Find an ng € N such that if n > ng then (n? + (=1)"n) > M.

Now (n? 4+ (—=1)"n) > n? —n (since n? 4+ (=1)"n = n? +n, n even and n? + (=1)"n = n? —n,
nodd) =n(n—1) >n (assumen > 2. Thenn—1>1 = n(n—1) > n). Choose ny >Max
{2, M}.

3. If the sequence {ay} is increasing and not bounded above, then prove that {a,} diverges to co.
Let M > 0. Find an ng € N such that if n > ng then a,, > M.
{a,} is unbounded = A = {a,, : n € N} is unbounded above. Thus, 3 an ny € N such that
an, € A and an, > M. Now {a,} is increasing = a, > an, Vn > ng. Hence, if n > ng then
a, > M. So a,, — oo.

4. If a,, — —oo and {b, } converges, then prove that {a, + b, } diverges to —oc.
Let M > 0. Find an ng € N such that if n > ng then {a, +b,} < —M.

Assume {b,} converges to b. Then In; € N such that if n > nq, then |b, — b| < %; that is, if

nan,thenbn—b<%orifnznl,thenbn<b+%. Now a,, — —00 =— danng € N

such that if n > ng, then a,, < 732& —b. Choose ng = Max {ny,ns}. Then, if n > ng, then (since

n>ny and n > ny) an +b, < (=3B —b)+ b+ ) =—-M.



5. If a, > 0 for all n and {a,} converges to 0, then prove that {--} diverges to cc.
Let M > 0. Find an ng € N such that if n > ng then ai > M.
1

Now {a,} converges to 0 = 3 an ng € N such that if n > ng, then |a, — 0] < ;. Now
@y, — 0] = |ay| = a, for all n € N (since a,, > 0¥n € N). So, if n > ng, then |a, — 0| = a,, < 7.
Hence, if n > ng, then C% > M.

Exercises 2.3 (page 66): Problems:

7. For each of the following, prove that the sequence {a, } converges and find the limit.
a. Gpy1 = %(2(171 +5), a1 =2.

1. Show {a, : n € N} is bounded below.
We will show, by induction, that a,, > 1 Vn > 1.
Basis of induction: Since a; = 2 > 1, the statement holds for n = 1.
Induction: Let n > 1 be fixed and that a,, > 1.
We now prove that a,+1 > 1.
ant1 = §(2an +5) > §(2(1) +5) (since ap, > 1) = { > 1.

2. We now prove, by induction, that {a,} is decreasing; that is,
Qpn > apy1 YN € N
Basis of induction: Since a; =2 > 3 = 1(2(2) + 5) = £(2a1 + 5) = ag, the statement holds for
n=1.
Induction: Let n > 1 be fixed and that a,, > ay1.
We now prove that a,+1 > anya.
But a,41 = %(Qan +5)> %(2an+1 +5) (by induction) = a2 (by definition of a,,).
We have proved that {a,} is bounded below and decreasing. Therefore, {a,} converges, say to a.
Now a = nlimo%an = nli)m Qpy1 = nllmool@an +5)= %nllmooan +5=1a+3

-1 S5 20— 9 -5
So, a= 3a+ §. Hence 5a= g ora= 3.



