Math 553 Homework #2(SOLUTIONS) DUE: October 8, 2009

1. Prove using the € — ng definition that the following sequences converge.

6n—2
o = (6n—2)—6(5n-1)
6 6n—2 6| _ (5(6n=2)—6(5n=7)| _
— 3l <eVnz=mno. [57= — 3] = 5(5n—7) | =
|5(5n 7)\ < |(5n 7)|(since L)< oF— (assumen>7= 5n®—n<bn-7) =L <2
(since T < 2) <e = 2 <n. Choose ny > Maximum {7, 2}.
4 € €
(b) {2},
Let € > 0. FmdnoGNsuchthat\ 5 <€evn=ng.
|\/5fno|fm<e:>@<\/57n.805n>%:6380:>n> 1280,
(©) (). |
Let € > 0. Find ng € N such that | Cfiﬁ —0] < €Vn>mng.
are — 0] = Léoj?; < n2+17 (since |cosn| < 1¥n) < an < % Now % <e = n> %

Choose ng > ;

2. Suppose that x,, — a and ¢ € R. Prove, using the ¢ — ng definition, that cx,, — ca:
Let € > 0. Find an ng € N such that if n > ng then |cx,, — ca| < e.
Case (1): Let ¢ = 0. Then |cx, — ca| = |0z, —0a| = 0 < € ¥n > 1. Case(2): Let ¢ # 0.

x, — a = 3dng € N such that if n > ng then |z, —a|] < T Then, if n > ng then

c

lcx, — ca| = |e(xn — a)| = |c||zn, —a] < |c\ﬁ =e.

3. Suppose that x,, — a and y,, — b. Prove, using the € — ng definition, that =, — y, — a — b:
Let € > 0. Find ng € N such that if n > ng then |[(z, —yn) — (a — b)| < e.
r, — a == 3ny € N such that if n > n; then |z, —a| < § and y, — b = 3Iny € N
such that if n > ny then [y, — b] < §. Choose ng = Max {ni,n2}. Then, if n > ng then
[(@n —yn) = (a=0)| =[(zn —a) + (b—yn)| < |20 —a[+[b—yn| = |zn —al + |y =B < 5+ 5 =¢.

4. Prove that if z, — a and |y, — z,| < % for all n, then yn — a.
Ty — @ = Ing 6 N buch that if n > nq then |xn al < § and, by Archimedean Property, 3 an
nz € N such that ~- < 5. So, if n > ny then % < 77 < §. Choose no = Max {n1,n2}. Then, if
n > no then |yn—aj |yn—xn+xn—a| < |yn—xn\+|xn a < §+5=e

5. (a) Prove that if z,, — 0 and x,, > 0 for all n, then \/z,, — 0.
Let € > 0. Find ng € N such that |\/z,, — 0] < € Vn > ny.
Notice that |\/z, — 0| = |\/zn|. ©, — 0 == 3ng € N such that if n > ng then
|z, — 0] = z, (since z, > 0) < €. Hence (since z, < €& = /x, < €) if n > ng

then |\/z, — 0| = |\/ZTn| = /Tn < €.

(b) Prove that if z, — a > 0 and z,, > 0 for all n, then ,/z,, — \/a.
Let € > 0. Find ng € Nsuch that |\/z,—/a| < €Vn > ng. |\/T,—a| = ‘(\/ﬂ—\/ﬁ)(\/ﬁhﬁ” =

VZnt+va
|\/%:\l/g‘ = \/li—::\l/la < ‘wf/_aa‘ (since x, > 0). Now z, — a = 3Iny € N such that

|z, — a| < ey/a. Hence if n > ng then |\/z, — v/a|] < % < 6\/&% =e.

6. Prove that if x,, — a and a < ¢, then there exists an ng such that x, < c for all n > ny.
Let e = c¢—a > 0 (since a < ¢). a, converges to a = I ng € N such if n > nyg, then |a, —a| < e.
So if n > ng, then a — e < a,, < a+e. Thus, if n > ng, then a, <a+e=a+ (c—a)=c.



Exercises 2.1 (page 52):
8. For each of the following sequences, prove, using an € — ng argument that the sequence converges to
the given limit a; that is, given € > 0, determine ng such that |a, — a|] < € Vn > ny.

2 1 2 2 1

b. {2242} @ = %. Let € > 0. Find ng € N such that [223 — }| < e Vn > no. |22 — 1| =
3(2n+5) (6n— 3) 6 6

R Gy | = |3 e 3)| | 6n73)| =3 < oon (assumen >3) = & <e = £ < n. Choose

ng > Maxnnum {3, %

O€

d. {1- 1) 1, a_l Lete>0 FlndnoeNsuChthatH —1] < e¥n > ng. |1—(7n1)n—1\: ‘(’im
(smce n 2 1) =21 <e = 1< n Chooseng>1

(1{)i;3rl} a=0. Let ¢ > 0. FlndnoeNsuchthat|(21)+17L—0\<6Vn>n0 \(2111 -0 =
|

n2+1

n o _— 1 = £
<% =L1<e = 1<n Chooseng>1i.

‘ - n2+1
13. Let {a,} be a sequence in R with nlimoo an = a. Prove that ™ " (an)? =
Let € > 0. Find ng € N such that |(a,)? —a®| < € Vn > ny. |(an)7é a® =|(ay, —a)((an)2 +apa+a?)| <
an — all(an)? + ana + 7| (since |zy| = [2]lyMVz,y € R)< [an — al([(an)?] + |anal + |a2]) (since |z + 3| <
|zl +|yVz,y € R) = |an —al(lan|*+|anllal +a|?) So |(an)* — a®| < |an —al(lan|* + |an||a]+]af?). Now the
sequence {a, } converges, so {a,} is bounded (by Theorem 2.1.10(b)). Thus IM > 0 such that |a,| < M
VYn € N Also, {a,} converges to a = 3Ing € N such that if n > ng then |a, — a| < m

Thus if n > ng then |(a,)? —a®| < |a, —al(Jan|* + |an||a] +]al?) < W(M2+M\a|+|a|2) =

15. Prove that if {a,} converges to a, then {|a,|} converges to |a|. Is the converse true?

Let € > 0. Find ng € Nsuch that if n > ng then ||a,|—|a|| < €. First note that ||a,|—|a|| < |ap—a|Vn € N
(since ||z| — |y|| < |z —y|Vz,y € R). Now {a,} converges to a = 3Ing € N such that if n > ng then
|an, — a] < e. Thus, if n > ng then ||a,| — |a|| < |an — a] (Vn € N) < e (since n > ng).

The converse, if {|a,|} converges to |a| then {a,} converges to a, is FALSE. For example, {|(—1)"|} = {1}
converges (to 1), but {(—1)"} diverges.

Exercises 2.2 (page 59):
1. Prove Theorem 2.2.1(a): If {a,} and {b, } are convergent sequences of real numbers with

and ' b, =b, then "™ (a, +b,)=a+b
Let € > 0. Find ng € N such that if n > ng then |(a, + b,) — (a + b)| < e.
[(an +bn) — (@ + )| = |(an — a) + (by — )| < |an — a| + |b, — b. Now "™ a, =a = 3n; € N such

that if n > n; then |a, —a| < § and nlimoob =0b = dny € N such that if n > ny then b, —b] < 5.
Choose ng = Max{ni,na}. Ifn > ng then |(a, +b,)— (a+b)| = |(an—a)+ (b, —b)| < |an—a|+|b, —b] <
5+ 5 (since n >ny and n > ny) = e

2. Let {a,} and {b,} be sequences of real numbers.

a. If {a,} and {a, + b,} both converge, prove that the sequence {b,} converges.

Write b, = (an, + b,) — a,Vn € N. Since {a, + b, } and {a,} converge (given), {b,} = {(an + b)) — an}
converges.

lim

n—oo n =a

b. Suppose b, # 0 Vn € N. If {b,} and {{*} both converge, prove that the sequence {a,} also
converges.

Write a, = (3*)(b,)¥n € N. Since {§*} and {b,} are convergent, by Theorem 2.2.1 (b), {an} =
{(32)(bn)} converges.

3. Prove Theorem 2.2.3: Let {a,} and {b,} be sequences of real numbers. If {b,} is bounded and
nlf;o an, = 0, then n“_’)’go anb, = 0.

Let € > 0. Find ng € N such that if n > ng then |(a,b,) — 0| < e. First note that |(a,by,) — 0] = |anby| =
|an||br]. Now {b,} is bounded = 3 M > 0 such that |b,| < MVn € N. Also, nlimooan =0 = 3
no € N such that if n > ng then |a, — 0] < §7. So if n > ng then |a,| < 7. Thus, if n > ng then
|(anbn) — 0] = |anbp| = |an||bn| < |an|M (this works Vn € N) < {5 M (since n > ng) = e.



