Math 553 Homework #1(SOLUTIONS) DUE: April 10, 2012
Exercises 2.1 (page 52):
8. For each of the following sequences, prove, using an € — ng argument that the sequence converges to
the given limit a; that is, given € > 0, determine ng such that |a, — a| < € ¥n > ng.
{2243} q = 1. Let € > 0. Find ng € N such that [2242 — 1| < e Vn > no. 22483 — 1| =

6n—37J> 3 6n—3 3
3(2n+5)—(6n—3

| ( ng(e)n (3)n )| = |3 6n73)| = |(6n,3)‘ = (6716,3) > Gnﬁ,n (assume n > 3) = % <e — g < n. Choose
no > Maximum {3, 2 =

d. {1- = 1) },a=1. Let € > 0. Find ny € Nsuch that |I—*—2—1| < e Vn > ny. |1—(_71L)n—1\ — ‘(_711)”
(smcen>1) L <e = 1< n. Chooseny> 1.

e. {n2+1 },a—O Let € > 0. FmdnoGNsuchthat|(2_~_1 70\<6Vn2n0,\(;;3:1" 0 = ‘(n2+1|
=25 <& =1+ <e = 1 <n. Chooseng>t.

£ {n(y/1+L -1} a= % Let € > 0. Find ng € N such that [n(,/1+ 1 —1) = 1| < e Vn > ng.

In( /1+,_1)_,|_| (4/1 1)%_1|:‘+_1‘:|¢_1‘:|M‘:
(WV1+i+1) 2 Viti+n 2 VnFl+yn 2 2(v/n+v/n+1)

| AT (VIEED || (i)

2(vn+vn+1) (vVn+yn+l) 2(vn+v/n+1)?

ﬁ<%<e = %<n Choosen0>%

13. Let {a,} be a sequence in R with nli:’;o a, = a. Prove that " (an

Let € > 0. Find ng € N such that |(a,)? —a®| < € Vn > ng. |(a n) 3| = |( —a)(( n)? 4 ana+a?)| <

an — a]|(an)? + ana + a?| (since |ay| = [z]ly¥e,y € R)< [an — al(|(an)?] + |ana] + la2]) (since |z +3] <

2| +y|Va,y € R) = |an —al(lan|?+|anlal + |a|*) So [(an)® —a®| < |an —a|(|an|* +|an|la|+]al?). Now the

sequence {a, } converges, so {a,} is bounded (by Theorem 2.1.10(b)). Thus IM > 0 such that |a,| < M

Vn € N Also, {a,} converges to a = 3Ing € N such that if n > ng then |a, —a| < GVEESTImEmEE

Thus if n > ng then |(a,)® —a®| < |a, —al(Jan|* + |an||a] +]al?) < WW(M2+M\CL| +]al?) =€

15. Prove that if {a,} converges to a, then {|a,|} converges to |a|. Is the converse true?

Let € > 0. Find ng € Nsuch that if n > ng then ||a,|—|a|| < e. First note that ||a,|—|a|| < |a,—a|Vn € N

(since ||z| — y|| < |z — y|Vz,y € R). Now {a,} converges to a = 3Ing € N such that if n > ng then

|an, —a| < €. Thus, if n > ng then ||a,| — |a|| < |an, —a| (Vn € N) < € (since n > ny).

The converse, if {|a,|} converges to |a| then {a,} converges to a, is FALSE. For example, {|(—1)"|} = {1}

converges (to 1), but {(—1)"} diverges.

Exercises 2.2 (page 59):

1. Prove Theorem 2.2.1(a): If {a,} and {b,} are convergent sequences of real numbers with

and " b, =b, then "™ (a, +by)=a+b

n—oo n—o0
Let € > 0. Find ng € N such that if n > ng then |(a, + b,) — (a +b)| <e.
[(an + b)) — (a4 )| = |(an — a) + (b — b)| < |an —a| + by — b|. Now "™ a, =a = 3n; € Nsuch

n— o0
that if n > n; then |a, —a| < § and nllmoob =b == dny € N such that if n > ny then |b, — b < £.
Choose ng = Max{ni,na}. If n > ng then |(a,+b,) —(a+b)| = |(an,—a)+ (bn, —b)| < |an —al+|b, —b| <
5§+ 5 (sincen >ny and n > ny) = e
2. Let {a,} and {b,} be sequences of real numbers.
a. If {a,} and {a,, + b,} both converge, prove that the sequence {b,} converges.
Write b, = (an + bn) — an¥Vn € N. Since {a,, + b, } and {a,} converge (given), {b,} = {(an + bn) — an}
converges.
b. Suppose b, # 0 Vn € N. If {b,} and {3} both converge, prove that the sequence {a,} also con-
verges.
Write a, = (3*)(b,)¥n € N. Since {§*} and {b,} are convergent, by Theorem 2.2.1 (b), {an} =
{(32)(bn)} converges.
3. Prove Theorem 2.2.3: Let {a,} and {b,} be sequences of real numbers. If {b,} is bounded and

— -1 _ 1 _ 1
- |2(n+n+1+2\/ﬁ\/n+l)| T 2(ntn+142y/nVn+1) T 2n+2n+2+42/ny/n+1 <

lz

lim

n—oodn = @

nli)moo an, = 0, then nli)moo anby, = 0.
Let € > 0. Find ng € N such that if n > ng then |(anb,) —0| < e. First note that |(a,b,) — 0| = |anbs| =
|an||by|. Now {b,} is bounded == 3 M > 0 such that |b,| < M¥n € N. Also, """ a, =0 = 3

no € N such that if n > ng then |a, — 0] < 7. So if n > ng then |a,| < 7. Thus, if n > ng then
|(anbn) — 0] = |anby| = |an||bn| < |an|M (this works Vn € N) < {5M (since n > ng) = e.



