Math 553 Handout #1 Fall 2009

1. Let E be a nonempty subset of R.

(a) The number M € R is an upper bound of E, if 2 < M Vz € E.
(b) The number M € R is not an upper bound of E, if 3z € E such that © > M .
(¢) The number m € R is a lower bound of E, if x > m Vz € E.
(d) The number m € R is not a lower bound of E, if 3z € E such that z < m.
)
)
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e) E is said to be bounded above, if it has an upper bound.

(
(f

E is said to be bounded below, if it has a lower bound.
(8) a

=sup E <
(1) « is an upper bound of E.
(2) If B is an upper bound of E, then § > a.
(h) a =infE —
(1) « is a lower bound of E.
(2) If B is a lower bound of E, then 8 < a.

2. The Completeness Axiom (The Supremum Property of R):
Every nonempty subset of R that is bounded above has a supremum.

3. For a real number x, the absolute value of x, denoted by |z|, is defined by

| = x, ifx>o0
Tl -z, ifx<0

4. The absolute value function has the following properties:

(a) |z| > 0Vz eR.

(b) || =0 if and only if z = 0.

(c) For every real number x, | — z| = |z|.

(d) For all real numbers z and y, |zy| = |z||y|-

(e) Let a > 0. Then |z|] <a < —a <z <aand

|z] <a = —a<z<a.
(f) For every real number x, —|z| < z < |z|.
(g) Triangle Inequality: For all real numbers = and y, |z + y| < |z| + |y|
(h) Reverse Triangle Inequality: For all real numbers = and y, ||z] — |y|| < |z — y].
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Use € — § definition to prove:

Lt 3 +5= -1
Let € > 0. Find 6 > 0 such that if |z — (—2)| < §, then |3z +5— (=1)| < e.
Now [32 45— (=1)| =3z + 6| =3|z + 2| <e = [z +2|< 5.
Choose 0 = .
Verification: If 0 < |z + 2| < 6 then [3x +5 — (~1)| = [3z + 6| = 3|z + 2| <30 =35 =e.

2. " 227 -3z —4=1
Let € > 0. Find § > 0 such that if |z — (=1)| < 4, then [222 — 3z —4 — 1| <e.
Now 222 — 3z —4 — 1] = [222 — 32 — 5| = |z + 1||22 — 5| < |z + 1|(2|z] + 5) (Bound |z|:
lt4+1] <]l = —-1l<z+4+1<]1 = 2<2<0 = |z|<2)<|z+1](2(2)+5) =9z +1| <e
= |r+1] <5
Choose § = Min {1, §}.
Verification: If 0 < |z —(—1)| < §; that is, 0 < |z +1| < § then [22? =3z —4—1| = |22% — 3z —5| =
|z +1]|22 — 5] < |z +1](2|z]+5) (since [z +1] < <1 = |2| <2)< [z +1|(2(2)+5) =9z +1| <
95 =e.

3. mat—r+1=3
Let € > 0. Find § > 0 such that if |z — (=1)| = [z + 1| < §, then |(2® —z + 1) — 3| < e.
Now |22 —24+1-3|= |22 —2 - 2| = |z + 1||z — 2| < |z + 1|(|z| + 2)(Bound |z|: |z +1| <1 =
—l<z+1<1l = 2<2<0 = |7/<2)<[z+1/2+2)=4z+1]<e = [z+1] <]
Choose 6 = Min {1, {}.
Verification: If 0 < |z — (=1)| = |z + 1] < §; that is, 0 < |z + 1] < 6 then |(2? — 2z + 1) — 3| =
|22 —2—2| = |z +1||]z = 2| < |z + 1|(|z| +2) (since [+ 1| <6 <1 = |z| <2)< |z +1](2+2) =
dlx+1] <4f =e

4 lim (z?42x42) _ 5

Cx—2  (z+42) - 2
Let € > 0. Find 6 > 0 such that if |z — 2| < 4, then [ 22582 8] < ¢
z°+2x+2) 2 —5x— — z—2)(22+3)
NOW|% 3| = |2eitetdnenl0) |20 2a6) = | B=BCE) | < g 9(2]3|+8) 11y (Bound
|z + 2| (away from 0; that is, § must be smaller than |2 — (=2)| = 4): \x - 2| <l <= -1 <
r—-2<1 <= 1<z <3 (Note x| <3) = 3<2+2<5 <= § < 45 < 3. Thus | 55] < 3)

<lz—2/(2(8)+3)35 =3z —2| <e. So |z —2| <.

Choose § = Min {1, £

Verification: if 0 < |x — 2| < d then |% 51 < |z —2|(2]z] + 3)
2| <3, g < 3) <|x—2|(2(3)+3)§=3\x—2|<35=3§_e.

\z+2\ (since |z — 2| < 0 <1,

Theorems: 4.1.3
Let E be a subset of R, p a limit point of E, and f a function defined on E. Then ;Tp flz)=L <
lim

nzmmf(pn) = L, for every sequence {p,} in I, with p, # p for all n, and """ p, = p.
Use Theorem 4.1.3 to prove the statements of Problem 11 (Section 4.1)/ HW#6.

Corollary:

Let F be a subset of R, p a limit point of F/, and f a function defined on E. Suppose that there are
sequences {p,} in E, with p,, # p for all n, and {¢,,} in E, with ¢,, # p for all n, that converge to p such
that {f(pn} converges to Ly and {f(¢,} converges to Ly. If Ly # Lo, then the function f does not have
a limit at p.

Use the above corollary to prove the statements of Problems 1 and 2

(the last two problems given in Homework #6).



