Math 252 Test # 2 Material Winter 2011 (Test Date: March 4, 2011)
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1. Use a triple integral in cylindrical coordinates to find the volume of the sphere z2 + 52 + 22 = a?.

. Let R be the region bounded by the square with vertices (0, 1), (1,2), (2,1), a

14 EXERCISES Page 427 1-5, 14 EXERCISES Page 447 1, 2, 6, 9, 12,

2

Ans. 2f [ @t dz)rdr)dd = ira?

2. Use cylindrical coordinates to solve the following problems.

(a) Find the volume of the solid bounded above by the paraboloid z = 1 — 22 — %2 and below by
the xy-plane. Ans. fo dz yrdr]dd = Z

(b) A cylindrical hole of radlus a is bored through the center of a solid sphere of radius 2a. Find
the volume of the hole. Ans. 2f027r f da?—r? dz)rdr]d = 4v/3ra?

(¢) Find the volume of the region bounded above by the plane z = 2z and below by the paraboloid
z=a 442 Ans. [E 2005 dzyrdr]do = T
2

r2
(d) Find the volume of the region bounded above by the plane z = x and below by the paraboloid
2z =z? + y2.
Ans. [ [[5 (25" de)rdr]dd = 3

(e) Find the volume of the region bounded above by the sphere 22 4+ 32 + 22 = 2a? and below by
the paraboloid az = 2% + y? (a > 0).

Ans. [ [[o( fza a dz)rdr|dd = ;ra®(8v2 —7)

(f) Find the volume of the region inside the cylinder r = asin# which is bounded above by the
2
sphere 22 4+ 3% + 22 = a? and below by the upper half of the ellipsoid z—z + 54+ IZ)—Z = 1 where
b < a.
asm@ 2a —r?
Ans. fo f b\/ 2)rdr]dd = tn1a®(8v/2 —7) = ta%(a — b)(3m — 4)

3. Evaluate [ [, dA, where R is the trapezoidal region with vertices given by (0,0), (5,0), (5, 2), and

(%, —%) , by making the change of variables x = 2u + 3v and y = 2u — 3v.
Note u = sz and u = *5¥. The region in the uv-plane is a square with vertices (0,0), (

(2,2),and (0,3). Ans. § x 2 =22

5.0),

47

. Let R be the region bounded by the line x —2y =0,z —2y = -4, 2 +y=4,and z +y = 1.

Evaluate | [, 3zydzdy by making the change of variables

=1Q2u+v),y= %(u — ).
We note that J = 5 and u = x +y and v = z — 2y. From the given equations, it follows that
l1<u(=z+y) <4and -4 <v(=xz—2y) <0. Thus [ [, 3zydedy = ff[fi?;( (2u +v))(5(u—
v))(3)dv]du = 4.

Alternatively, the given region is a rectangle with vertices (—%,3),(2,1), (,4), and (3, %) and
the corresponding region in the uv- plane is the rectangle with vertices ( ,0),(4,0),(1,—-4), a
(4,-4) = [14] x [-4,01 Ans. [T/, 3(2(2u+0))(3(u—0))(3)deldu =

n
integral [ [p(z+y)? sin?(z — y)dzdy by making the change of variables = = F(utv),y=1(u—v).
The corresponding region in the uv-plane is the square with vertices (1,1),(3,1),(

(3,-1). J=1
[ [rlz +y)?sin®(z — y)dady = fil[flg u? sin® viduldv = 13(2 —sin 2)
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Let R be the region bounded by the parallelogram with vertices (0,0), (4,0), (3,3), and (7, 3).
Evaluate the integral [ [, y(z — y)dzdy by making the change of variables = u + v, y = u.
Ans. 36

Let B be the square with vertices at (0, 1), (1,0), (2,1), and (1,2).
Evaluate [ [, 60z ydxdy

by making the change of variables z = J(u+v), y = —3(u — v).
Ans. 120

Use a trlple 1ntegral in spherical coordinates to find the volume of the sphere 22 + 3% + 22 = a2.

Ans. [T [ [o P singdpdpdd = 3 Aras.

Use a trlple integral in spherical coordinates to find the volume of the sphere 22 4 y? + 22 = 2z.
Ans. fo 2CO§(z)pQ sin ¢ dp dpdf = %TF.

Find the volume of the region bounded by the sphere p = a and the cone ¢ = a.
Ans. 027r I Jo P singdpdedf = 3ma’(1 — cosav).

If0<b<aand 0 < a < m, find the volume of the region bounded by the concentric spheres
p =10, p=a and the cone ¢ = a.
Ans. 027r foa o p? singdpdgdf = 25 (a® — b*)(1 — cos ).

2

Find the volume of the solid region bounded below by the upper nappe of the cone 22 = 22 + 32

and above by the sphere 22 + 3% 4+ 22 = 9.
Ans. [27 [5[% 0% singdpdedd = 9m(2 — V/2).

Evaluate [ [ [}, 16zdzdy, where E is the upper half of the sphere 2% +y* + 2 = 1.
Ans. OQW fog f01(16p cos ¢)p? sin ¢ dp dodf = 4.

— —p2__q2
Convert f03 0\/9 v pVasaty (2% + y? + 2%)dzdxdy into an integral in

(a) spherical coordinates. Ans. fo fo 3\f(

p?)p? sin ¢ dp depds.
(b) cylindrical coordinates. f(? [fo (f 1=t (r? + 22) dz)r dr] df

2_ 2 2_p2_ 42
Convert [ [* ;ﬁ fa+ T rdzdyda
into an mtegral in

(a) spherical coordinates. Ans. 0% foﬁ anCOW 3 sin? ¢ cos Odp dpd.

asec phz

(b) cylindrical coordinates. Ans. fo faJr =" (rcosb) dz)r dr do.

Evaluate [ (z —3y)ds, where C is the line segment from (0,0) to (1,2) and C is parameterized as:

(a) x=t,y=2t,0<t <1

(b) x =sint, y =2sint, 0 <t < 7.

Evaluate [, (2% —y + 3z)ds, where C is the line segment from (0,0,0) to (1,2,1). [ Answer.
i (#2 — 2t + 3t)V/6dt = 28],

Evaluate [, zds, where C is the line segment from (0,0) to (1,1) and y = 2* from (1,1) to (0,0).
[ Answer. [ tv/2dt + [ (1 —t)y/T+ 4(1 — )2dt = %2 + 5 (5% —1)].

Evaluate the line integrals [, (x — 3y)dx, and [, (z —3y)dy, if C' is the part of the parabola 2 = y?
that joins the points (1,1) and (4,2) [ Answer. fl (t> — 3t)2tdt = =12 and fl (t? — 3t)dt = =32].



20.

21.

22.

23.

24.

25.

26.

27.
28.
29.

30.

31.

Evaluate the line integral |, C(y2dac — 22dy) along the two curves given below:
(a) Cp: The parabola x = t, y = t? joining the two points (0,0) and (2,4). [ Answer. foz(t4 —
23)dt = 28].
(b) Cs: The line z = ¢, y = 2t joining the two points (0,0) and (2,4). [ Answer. f02 22dt = 1.
Evaluate the line integral [, zy*dx — (2 + y)dy, where C' is

(a) The straight line segment from (0,0) and (1,2). [ Answer. fol (4¢3 — 6t)dt = —2].

. 1 _
(b) The parabolic path from (0,0) and (2,4). [ Answer. fo (485 — 442 — 8t%)dt = 78]
(¢) The broken line from (0,0) to (1,0) to (1,2). [ Answer. — [ (1 4 t)dt = —4].

Evaluate the line integral [, zy*dz — (x4 y)dy, where C'is the broken line joining the points (0,0),
(1,1), (2,1) in this order.

dy

x ?

Evaluate the line integral [, dyi +

(4,1). [ Answer. [{'(L — &)dt = 0].

where C' is the part of the hyperbola zy = 4 from (1,4) to

Evaluate the line integral [, zdz + 2*dy from (—1,0) to (1,0).

. 1
(a) Along the x-axis. [ Answer. [ tdt = 0].
(b) Along the semicircle y = v/1 — 22 [ Answer. [ (—sint + 1 — sin*)dt = 0].
(c) Along the broken line from (—1,0) to (0,1) to (1,1). [ Answer. ffl(t+t2)dt—|—f01 tdt—fo1 dt =
1,1 2
SRS R
612 3

Evaluate the line integral [, ydz + (z + 2y)dy from (1,0) to (0,1), where C is

(a) the arc of the circle = cost, y = sint; [ Answer. fog (cost —sint + 2sint cost)dt = 1].
(b) the straight line segment y = 1 — z; [ Answer. flo(—l)daj =1].
(c) the broken line from (1,0) to (1,1) to (0,1). [ Answer. fol(l + 2y)dy + flo dr =1].
Evaluate [,,(32z+4y)dz+ (22 +3y?)dy, where C is the circle 2?+y? = 4 traversed counterclockwise

from (270) [ Answer. r = 2005t7y = 2sint, 0 < t < 2m, fOQTr((24SiD2t — 12 sint) cost + (8 —
24sin’ t))dt = —8x].

Evaluate [ (z + 2)ds, where C is the curve represented by c(t) = ti + %t%j + 1t%k, 0 < t < 67.
Evaluate fC F - ds, if F = 29%i + 2%2j — (y — o)k, C is the curve c(t) = ti + t2j + 3k, 0 < ¢t < 1.

Evaluate fc F -ds, if F = 3% + 2%j — (y — o)k, C is the straight line segment from thee point
(1,0,-1) to the point( 3,3,5).

Evaluate [, F -ds, if F(z,y) = (z 4+ y)i+ (y* — x)j, where C is the closed curve that begins at
(1,0), proceeds along the upper half of the unit circle to (—1,0), and returns to (1,0) along the
X-axis.

(a) Evaluate [ zy'ds, where Cis the right half of the circle, #*4+y* = 1. [ Answer. f?x (4cost)(4sint)t(4)dt =
2

g,

(b) Evaluate [q4x3ds, were C is the line segment from (-2,-1) to (1,2). [ Answer. fEQ 4(-2 +
3t)3V18dt = —15v/2].
(c) Evaluate [y4a°ds, were C is the line segment from (1,2) to (-2,-1). [ Answer. fol 4(1 —

3t)3V/18dt = —15v/2).
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Evaluate [, zds for each of the following curves. (a) C1: y = z*, =1 <z < 1 (b) Cy: The line
segment from(-1,1) to (1,1). (¢) Cs: The line segment from(1,1) to (- 1,1) [ Answer: 0 for each

part (a)-(c) ]

Evaluate fc xyzds, where C is the helix given by, x = cost, y = sint, z = 3t, 0 < t < 4.

[SEN)

Evaluate [, sin(ry)dy + yz®dz, where C is the line segment from (0,2) to (1,4). [ Answer.

|
ol

].
Evaluate fc ydx + xdy + zdz, where C is given by, & = cost , y = sint, z = t2, 0 < t < 27. |
Answer. fozﬂ(— sin?t 4 cos? t + 2t3)dt = 87*].

Evaluate [, sin(ry)dy + yz®dz, where C is the line segment from (1,4) to (0,2). [ Answer.

Evaluate [, (2zydz + 2*dy) if
(a) C consists of the line segments from (3,1) to (5,1) and from (5,1) to (5, 6).
(b) C is the line segments from (3,1) to (5,6).
(c) C is the part of the parabola z = 2t + 1, y = 2t — ¢, 1 <t < 2. [ Answer: 141, for (a), (b),
(©)]

Find a potential function for

(a) F(x,y) = (2zy + 242)i + (22 + 16y)j. (Answer' 2y + 1223 + 16y + O)

(b) F(x,y) = 2zyi + (22 — y)j. (Answer: 2%y — - + )

(c) F(xz,y,2) = 2xyi+ (22 + 22)j + 2yzk. (Answer. 22y + 2%y + C)

(d) F(x,y,2) = (ycosx + 2ze¥)i+ (sinz + z2%e¥ + 4)j. (Answer: ysinzz?e¥ + 4y + C)

(e) F(x, ) (2 —y2)i+ (y* + 2)j.

(f) F(a, ) (2ze® + 22ye®™)i+ (x3e™ + 2y)j. (Answer: x2e™ + y2 + O)

(g) F(x,y,2) = 2xy3 24 + (32%y%24)j + 4229323k, (Answer: 2%y32%)

(h) F(z,y,2) =2z cosy — 2231 + (3 + 2ye® — 2% siny)j + (y?e® — 6222)k. (Answer: y?e® — 2223 +

2cosy—|—3y+C’)

Evaluate [, F.dr, where C' is a piecewise smooth curve from (—1,4) to (1,2) and F(z,y) = 2zyi+
(22 —1)j. (Answer: x y—f—FC’ 4)

Evaluate fc F.dr, where C' is a piecewise smooth curve from (1,1,0) to (0,2,3) and F(x,y,2) =
2zyi + (22 + 22)j + 22yk. (Answer: 2%y + 2%y + C, 17)

Use Green's theorem to evaluate the line integral §,[zydz + z*y>dy], where C'is the triangle with
vertices (0,0), (1,0), and (1,2).

(Answer P = zy, Q = 2293, the region enclosed is 0 < £ < 1,0 < y < 2z, fol OM(QI — P,)dydz =
fo “(2zy® — x)dyde = 2).

Use Green’s theorem to evaluate the line integral fc [y3dx + 23dy], where C is the circle of radius
2 centered at (0,0).

(Answer: P =3, Q = 23, the region enclosed is 0 < 0 < 27,0 < r < 2, f fo y)rdrdf =
fozﬂ f02(3r2 cos? § — 3r2 sin® 0)rdrdd = 0).

Use Green’s theorem to evaluate the line integral §,[(—2xy+y?)dz+22dy|, where C is the boundary

of the region R enclosed by y =4z and y = 222
(Answer: P = —2yx + y?, Q = 22, the region enclosed is 0 < x < 2,222 < y < 4z, fo 2:1;2 (Qz —

P,))dydx = fo fZIQ (4z — 2y)dydz = =22).
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Evaluate the line integral ¢ (3z — y)dz + (z + 5y)dy around the unit circle z = cost, y = sint,
0<t<27.
(Answer: P = 3z —y, Q = z + 5y, the region enclosed is 0 < 6 < 27,0 < r < 2, fozﬂ fol(Qm -

Py)rdrdd = [77 [(1 — (=1))rdrdé = 2r).

Evaluate the line integral fc[(e’g”2 +y?)dz + (Iny — 22))dy], where C is the square with vertices

(0,0),(1,0),(1,1), (0,1).

(Answer: P = e + 42 Q =Iny — 22, the region enclosed is 0 <z < 1,0 < y < 1, fol fol(Qx —
11

P))dydx = [; [, (—2z — 2y)dydz = —2).

Evaluate the line integral §,,(2y + v/1 + 25)dz + (52 — e¥*)dy around the circle 22 + 2 = 4.
(Answer: P = 2y + VI+a5, Q = 5z — e, the region enclosed is 0 < § < 27,0 < r < 2,
O3 (Qq — Py)rdrdd = [T [(5 — 2)rdrd = 127).

If R is any region to which Green’s Theorem is applicable, show that the area of R is given by the
formula

A= % fC —ydx + zdy, or

A= §,ady, or

A= fc(—y)dl‘ :

p 2
Use Green’s theorem to find the area of the region enclosed by the ellipse % + 4 =1
2 2 @ b
(Answer. Parametric equations for the ellipse %3 4+ #> = 1: x = acost, y = bsint, 0 < ¢ < 27.

Area = § §, —ydx + xdy = 3 OQW[(—b sint)(—asintdt) + (acost)(bcostdt)] = wab.)

Use Green’s theorem to find the area of the region enclosed by the circle 22 + y? = a?.

(Answer. Parametric equations for the circle 22 + y? = a?: © = acost, y = asint, 0 < t < 27.

Area = § §, —ydx + xdy = 02”[(—a sint)(—asintdt) + (acost)(acostdt)] = wa?.)

Use Green’s theorem to find the area of the region enclosed by y = z? and y = x + 2.

(Answer. Parametric equations for the boundary of the region: Cy : x =t, y =2, -1 <t < 2;
Cy:ax=-3t+2, y=-3t+4 Area = % §, —ydz + zdy = ffl[(fﬁ)(dt) +(1)(2tdt)]) + L [ 1(3t —
4)(—3dt) + (=3t + 2)(—3dt)]5.)

Use Green’s theorem to find the area of the region enclosed by y = 22 — 1 and y = 0.

(Answer. Parametric equations for the boundary of the region: C; :x =t,y =1—12, -1 <t <1,
1

Cy:x=—t,y=0,-1<t<1, Area = %fcl —ydz + zdy + %fcz —ydz +zdy = 5 [~ [(—(1 -

£2)(dt) + (£)(=2tdt)] + L [ [(0)(dt) + (~t)(0dt)].)

Use Green’s theorem to find the area under one arc of the cycloid x = 2nt — sin2nt and y =
1 —cos2nt; 0 <t < 1.

(Answer. Parametric equations for the boundary of the region: C; : =z = ¢, y = 0, 0 <
t < 2m, Cy : x = 2wt —sin2xt, y = 1 —cos2nt, 0 < t < 1, Area = %fcl —ydx + zdy +

1§, —yde + zdy = % [[[(—(0)(dt) + ()(0dt)] — § [y [(—(2mt — sin2rt)((2m — 27 cos 2rt)dt) +

(27t — sin 27t) (27 sin 27tdt)] = 37.)
Determine the surface given by the parametric equations r(u,v) = ui + u cos vj + usin vk.
Give parametric representations for each of the following surfaces.

(a) The elliptic paraboloid x = 5y% + 222 — 10.
=5y 4+22-10,y=y, 2 =2

(b) The elliptic paraboloid z = 5y? + 222 — 10 that is in front of the yz-plane.
r=5y24+22-10,y=y, 2 =22 >0.



(c) The sphere 22 + y? + 222 = 30.

x = +/30sin¢cosh, y = V30sin¢sinb, z = v/30cos¢; 0 <0 <2m, 0< ¢ < .
(d) The cylinder y? + 222 = 25.

r=x,y=>5sin6, z=5cosf, 0 <6 < 2.



