Math 252 Handout #1 Fall 2009

EXERCISES

Page 325 1, 2, 7-11
Page 339 1-4, 6, 7
Page 347 1-4, 6-11

Page

1.

3531, 2, 8, 10, 11

Find the volume above the xy-plane bounded by the paraboloid z = 2 +%? and the planes x = +1,
y = =£1.

11
Ans. [ [0 (2% 4+ y?) da] dy

Find the volume above the xy-plane bounded by the cylinder 2 +y? = 1 and the plane x+y+2z = 2.
Ans. f f m —x —y)dy]dx

Find the volume above the xy-plane bounded by the cylinder y = 4 — 22 and the planes y = 3z
and z =z + 4.

1 4—z?
Ans. [, [[5, " (z+4)dy]dx

Find the volume of the solid bounded by the coordinate planes, the planes x = 2 and y = 5, and
the surface 2z = xy.

20 05
Ans. [2[J2(54) dy) da

. Find the volume above the xy-plane bounded by the cylinder z2 4+ y? = 9 and the paraboloid

3z = a2 + 42
3 \/W xT
Ans. [T [[Y ma (5 e )) dy] dz

. Find the volume of the solid in the first octant bounded by the cylinder 4y = 22 and the planes

r=0,2=0,y=4,and x —y + 2z = 2.
drpd o o—p
Ans. fo[f%(2 5—2) dy dx

. Change the order of integration of

fo fy 1+x4dx]d
Ans. fo fo 1+I4dy]da:
) SR s

Ans. fo fo xdxdy—i—fg fy ¥ xdy|dx
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The inside integral is from the bottom curve y = g;(x) to the top curve y = go(x), where a < < b.

x - simple region:

The inside integral is from the left curve = = hq(y) to the right curve & = ho(y), where ¢ <y < d.

The area A of the region R = [, dA = [ [, dxdy

1. Sketch the region over which the integral extends, change the order of integration, evaluate.

fo fy 1+x4dx]d
Ans. fo fo 1+x4dy]dac
fo fjf+3wdy dz.

Ans. fo fo xdxdy—i—fB fy ¥ xdy|dx
c) fo [ (22 + 2y)dy)d.
Ans. fol [fy‘/g(%; + 2y)dz]dy
d) [ 3/y% + 9dz]dy.
Ans. f04 f43\/y2+ 9dx]dy
(e) fl fy dx)dy. Ans. fl f dyd$+f4 ffdy
f fO COSI dz'
Ans. fo fcos T Y ydx)dy
fl fo e*dx]d
Ans. fo‘ ff e’”ydy]dm + fl% [f}F e*¥dy]dx
fl fo ye®dz)dy.
Ans. 1n3 fer ye®dydx
fo f yda: dy.
Ans. f_l[ e ydy|dz.

0

) fow[fozxcosydy}dx.
Ans. foﬂ[f;xcosydw]dy

2. Use double integrals to find the area of the region bounded by the given curves and lines.

(a) The parabola z = y? and the line y = 2 — 2.
Ans. ffl[f;;Q dz]dy

(b) The parabola y=a- 22 and the line z + y = 0.
Ans. fo e, o dy] dz

(c) The axes and the line 2z + y = 2a (a > 0).
Ans. [J'[[; S dy] dx

(d) The y-axis, the line y = 3z, and the line y = 6.
Ans. [Py dy da

(e) The x-axis, the curve y = e~*, and the lines z =0, z = a (a > 0).

Ans. foa[fOf dy) dz
(f) The parabolas y= 2% and y = 22 — 22
Ans. [T dylde
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1. Evaluate [ [ [, dzdydz, where B is the region bounded by the coordinate planes and the plane
r+y+z=1

2. Find the volume of the sphere 22 + y2 + 2% = a?.
3. Evaluate
(a) fol f0$2 fowy3 18z3y22dzdydx
(b) fol f;Z fol_m xdzdzdy
(c) f02 Iy 01114:6?’ cos 4e*dzdydx
d) [F [V (VW) i 4 2 + 22dedydz
(d) fo 0 0 Y Y Y
e VE Vi ® siny2dzdydz
( ) fO z 1 Yy Y

4. Evaluate [ [ [}, zdzdydz, where W is the region bounded by the four planes z =0, y =0, z = 0,
z =1, and the cylinder 22 + 4% =1, with 2 >0, y > 0.

5. Evaluate [ [ [, ze"t¥dadydz, where W = [0, 1] x [0, 1] x [0, 1].

6. Evaluate [ [ [i,(z* +y? + 2?)dxdydz, where W is the region bounded by z +y + z = a (a > 0),
r=0,y=0,and z =0.

7. Set up a triple integral for the volume of each of the following solid regions.

(a) The region in the first octant bounded above by the cylinder z = 1 — y? and lying between
the vertical planes given by x+y=1and z+y =3

(b) The upper hemisphere given by z = /1 — 22 — y2.
(c) The region bounded below by the paraboloid z = 22+y? and above by the sphere 22 +y2+ 22 =
6.

8. Set up triple integrals that compute the volumes of the given regions.

(a) The region in the first octant bounded by the cylinder = 4 —»? and the planes y = z, z = 0,

z=0.
(b) The region above the xy-plane bounded by the surfaces 22 = 16y, 22 =y, y = x, y = 4, and
z=0.

The region bounded by the paraboloids z = 8 — 22 — ¢y? and z = 22 + 332,
The region bounded by the ellipsoid 2—; + z—j + f—z =1(a>0,b>0,c¢>0).

)
)
e) The region bounded by the cylinder z = 4 — y? and the paraboloid z = x? + 3y2.
) The region bounded by the coordinate planes and the plane £+¥+2 =1 (a >0, b >0, ¢ > 0)
)

The region bounded by the cylinder z2+y? = 4z, the xy-plane and the paraboloid 4z = 22 +y?2.
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1. Use a double integrals in polar coordinates to find the areas of the indicated regions.

(a) The cardioid r = a(1 4 cosf) (a > 0).
Ans. 2 [T[[fo0FesD pgp]dp — 3z

(b) The circle r = a.
Ans. 027r [fy rdr]dd = wa*

(¢) The circle r = 2asin 6.
Ans. [7[[s 2050 ir)df = ma?

(d) The circle r = 2a cos .

5 2a cos 6 o 2
Ans. ff% s rdr)dd = ma

(e) One loop of r =acos20 (a > 0)
Ans. 2 [T rdr]dg =

(f) One loop of r =3cos30 .
Auns. 2 [S[f2*%) 1dr]dg = 3z

(g) The region 1n51de the lemniscate r? = 2a? cos 20 and outside the circle r = a (a > 0).
Ans. 4f0% [ 200820 L dr]do = %(3\/5 — )

(h) The region inside r = tan ¢ and between § =0 and 6 = 7.
Ans. fo tane rdrldd = (4 — )

(i) The region 1nside the cardioid r = 2a(1 + cos ) and outside the circle r = 3a (a > 0).
Ans. 2 [[F[[200F5 140140 — 2 (9v/3 — 2n)

(j) The region inside the cardioid r = 1+ cos and to the right of the line z = 2.
Ans. 2 [? [f%l;ccoze rdr]df = = (87 4+ 9v/3)

2. Write the integral in the form fﬁ fm(a) zrdrd.

) f02 I 4112 zdydz.
Ans. [?] f02 zrdr]df

fof \/—zdydx
Ans. f,i fo zrdr]df

o [0V
Ans. fﬂ fo zrdr]dd

) J2 i sy
Ans. fo sec ftan 0 zrdr]df

fo I 4=e=2)? zdydz.

0
Ans. fo 4C°S 0 zrdr]d

fo I V2 zdxdy.
Ans. fo f2sma zrdr]df

zdxdy.



3. Use a triple integral in cylindrical coordinates to find the volume of the sphere 2 + 32 + 22 = a2.

Ans. 2f [« @t dz)rdr)d = $ma?
4. Use cyhndrlcal coordinates to solve the following problems.

(a) Find the volume of the solid bounded above by the paraboloid z = 1 — 22 — 42 and below by
the xy-plane. Ans. fo dz yrdr]dd = Z
(b) A cylindrical hole of radlus a is bored through the center of a solid sphere of radius 2a. Find

the volume of the hole. Ans. 2f 0 faZ=r? dz)rdr]d = 4v/3ra?

(¢) Find the volume of the region bounded above by the plane z = 2x and below by the paraboloid
z=z>+y% Ans. [2,] 02C089(f22m°se dz)rdrld) = 5
2

(d) Find the volume of the region bounded above by the plane z = x and below by the paraboloid
z=a%+ y2.
z 0 0 n
Ans. [Z (50 ([2" dz)rdr]dd = 35
(e) Find the volume of the region bounded above by the sphere 22 4+ 3% + 22 = 2a? and below by
the paraboloid az = 22+ y? (a > 0).

Ans. [J[[y f 2% dz)rdr|dd = ;ra®(8v/2 —7)

(f) Find the volume of the region inside the cylinder » = asin@ which is bounded above by the
sphere 22 + 42 4 22 = a? and below by the upper half of the ellipsoid Z—z + Z—z + ’Z—z =1 where
b<a.

Ans. [ fabmg( ;\%_T dz)rdr]dd = tra3(8v2 —7) = $a*(a — b)(37 — 4)

5. Determine the new region that we get by applying the given transformation to the region R.
R is the region bounded by y = —x +4, y =z + 1, and y = £ — 3 and the transformation is
2= L(u+v),y=u—v).
Note that the given region R is a triangle with vertices (2, 2), (—%, —2), and (4,0). The new
region is the triangle with vertices (—6,—1), (4, —1), and (4,4).

6. Evaluate [ [, dA, where R is the trapezoidal region with vertices given by (0,0), (5,0), (3, 2), and

(2,—2), by making the change of variables 2 = 2u + 3v and y = 2u — 3v.

Note u = sz and u = *5¥. The region in the uv-plane is a square with vertices (0,0), (%,O),
(2,2),and (0,3). Ans. § x 2 =22

7. Let R be the region bounded by the line x — 2y =0,z —2y=—-4,z+y=4,andx+y = 1.

Evaluate | [ 3zydzdy by making the change of variables
=3(u+tv),y= %(u — ).

We note that J = 3 and v = z +y and v = 2 — 2y. From the given equations, it follows that
l1<u(=z+y)<4and -4 <v(=x—-2y) <0. Thus [ [, 3zydedy = ff[fil (32u+v))(3(u—
v))(3)dv]du = 4.
Alternatively, the given region is a rectangle with vertices (—g, g) (3, 3) (
the corresponding region in the uv—plane is the rectangle with vertices (
(4,—4) = [1,4] x [-4,0]. Ans. fl f743 (2u+v))(§(u — v))(3)dv]du =

8 4
303
,0), (

)
), (4,0),(1,—4), and

8. Let R be the region bounded by the square with vertices (0, 1), (1,2), (2, 1), and (1,0). Evaluate the
integral [ [ (x+y)?sin %(2 —y)dxdy by making the change of variables x = Hu+v), y = 1(u—0).
The corresponding region in the uv-plane is the square with vertices (1,1),(3,1), (1,—1) and

(3,-1). J=1%
[ [x(@+y)?sin®(z — y)dady = f_ll[flg u? sin® viduldv = 13(2 — sin 2)
9. Let R be the region bounded by the parallelogram with vertices (0,0), (4,0), (3,3), and (7,3).

Evaluate the integral | [, y(z — y)dzdy by making the change of variables © = u + v, y = u.
Ans. 36



10.

11.

12.

13.

14.

15.

16.

Use a triple integral in spherical coordinates to find the volume of the sphere x2 + y? + 22 = a?.

Ans. fOQW foﬁ Oa p? sin ¢ dp dpdh = %71‘(13.

Find the volume of the region bounded by the sphere p = a and the cone ¢ = a.
Ans. OQW Jo Jo p? singdpdedf = 3ma(1 — cos ).

If0<b<aand 0 < a <, find the volume of the region bounded by the concentric spheres
p=>5, p=a and the cone ¢ = a.
Ans. fOQW I Jy p? singdpdedd = 25 (a® — b%)(1 — cos ).

Find the volume of the solid region bounded below by the upper nappe of the cone 22 = 22 4 32
and above by the sphere 22 + % + 22 = 9.

Ans. 027r fog f03 p? sin g dpdpdd = 9In(2 — V/2).

Evaluate [ [ [}, 16zdzdy, where E is the upper half of the sphere 22 + 32 + 2% = 1.
Ans. 027r fog f01(16p cos ¢)p? sin ¢ dp dodf = 4.

— —p2_ 2
Convert f03 O\/g v pVisaty (22 412+ 22)dzdxdy into an integral in spherical coordinates. Ans.

T 3V2, 9y o .
I J5E [0V (0?)p? sing dp dedo.

Convert [* [ %f;ﬂr at—at—y? xdzdydz

into an integral in spherical coordinates.

Ans. OQW fO% ffsczc;fhf p® sin? ¢ cos Odp depdo.
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EXERCISES Page 427 1-5, 14 EXERCISES Page 447 1, 2, 6, 9, 12, 15

1.

10.

11.

12.

Evaluate [ (z —3y)ds, where C is the line segment from (0,0) to (1,2) and C is parameterized as:

(a) z=t,y=2t0<t<1.

(b) x =sint, y =2sint, 0 <t < 7.

Evaluate [,(2? —y + 3z)ds, where C is the line segment from (0,0,0) to (1,2,1). [ Answer.
i (#2 — 2t + 3t)V/6dt = 25].

Evaluate [, zds, where C is the line segment from (0,0) to (1,1) and y = 22 from (1,1) to (0,0).
[ Answer. [, 6v/2dt + [, (1 —)\/T+ 4(1 — )2dt = %2 + (5% — 1)].

Evaluate the line integrals fc(x —3y)dx, and fC (x — 3y)dy, if C is the part of the parabola x = y?
that joins the points (1,1) and (4,2) [ Answer. f12(t2 — 3t)2tdt = =12 and f12(t2 - 3t)dt = =32].

Evaluate the line integral |, C(yZdac — 22dy) along the two curves given below:
(a) Cy: The pgrabola xr =t, y = t? joining the two points (0,0) and (2,4). [ Answer. f02(t4 —
2t3)dt = 2].
(b) Ca: The line x = ¢, y = 2t joining the two points (0,0) and (2,4). [ Answer. f02 2t%dt = 18].
Evaluate the line integral fc ry?dx — (v + y)dy, where C is

(a) The straight line segment from (0,0) and (1,2). [ Answer. fol (4¢3 — 6t)dt = —2].
(b) The parabolic path from (0,0) and (2,4). [ Answer. f01(4t5 — 412 — 8t3)dt = ).
(¢) The broken line from (0,0) to (1,0) to (1,2). [ Answer. — f02(1 +t)dt = —4].

Evaluate the line integral [, zy*dx — (x4 y)dy, where C'is the broken line joining the points (0,0),
(1,1), (2,1) in this order.

dy

x ?

Evaluate the line integral [ %”’ +

(4,1). [ Answer. ff(% — &)dt =0].

where C' is the part of the hyperbola zy = 4 from (1,4) to

Evaluate the line integral [, zdz + z*dy from (—1,0) to (1,0).

(a) Along the x-axis. [ Answer. fil tdt = 0].
(b) Along the semicircle y = v/1 — 22 [ Answer. [ (—sint + 1 — sin*)dt = 0].
(c) Allong the brokenzline from (—1,0) to (0,1) to (1,1). [ Answer. f_ol(t+t2)dt+f01 tdt_fol dt =
—14+1l-1=-2.
6 2 3

Evaluate the line integral fC ydz + (x + 2y)dy from (1,0) to (0, 1), where C is

(a) the arc of the circle z = cost, y = sint; [ Answer. fO% (cost —sin?t + 2sint cost)dt = 1].
(b) the straight line segment y = 1 — x; [ Answer. flo(—l)dx =1].
(c) the broken line from (1,0) to (1,1) to (0,1). [ Answer. fol(l + 2y)dy + flo dx =1].
Evaluate [, o (Br+4y)dr+ (2 +3y?)dy, where C is the circle 22 +y? = 4 traversed counterclockwise

from (2,0). [ Answer. x = 2cost,y = 2sint, 0 < ¢t < 2, fozﬂ((24sin2t — 12sint) cost + (8 —
24sin?t))dt = —8].

Evaluate [, (x+2)ds, where C is the curve represented by " = ti~" + %t%jH + 22k, 0 < t < 6.



13.

14.

15.

16.

17.
18.
19.
20.

21.

Evaluate [, F~ -ds™, if F7(x,y,2z) = zy*i~ + 2%2j7 — (y — 2)k—, C is the curve ¢~ (1) =
i +t27 83k, 0<t < 1.

Compute [, F~ -ds~ if F7(2,y) = (x4 y)i~ + (y> —2)j ", where C is the closed curve that
begins at (1,0), proceeds along the upper half of the unit circle to (—1,0), and returns to (1,0)
along the x-axis.

(a) Evaluate [ zyds, where Cis the right half of the circle, #24+y* = 1. [ Answer. [%, (dcost) (4sint)*(4)dt
2

8192]
2]
. . 0
(b) Evaluate [g4x3ds, were C is the line segment from (-2,-1) to (1,2). [ Answer. [~,4(—2+
3t)3V/18dt = —15v/2).

(c) Evaluate [y42°ds, were C is the line segment from (1,2) to (-2,-1). [ Answer. fol 4(1 —

3t)3V/18dt = —15v/2).

Evaluate [, xds for each of the following curves. (a) Cy: y = 2, =1 < 2 < 1 (b) Cs: The line
segment from(-1,1) to (1,1). (c) Cs: The line segment from(1,1) to (-1,1). [ Answer: 0 for each
part (a)-(c) |

Evaluate fC xyzds, where C is the helix given by, x = cost, y = sint, z = 3t, 0 <t < 4.

Evaluate [ sin(ry)dy + yaz®dz, where C is the line segment from (0,2) to (1,4). [ Answer.

[SEN]

Evaluate [ sin(ry)dy + yaz®dz, where C is the line segment from (1,4) to (0,2). [ Answer.

|
[=EN

]
Evaluate fc ydx + xdy + zdz, where C is given by, © = cost , y = sint, z = t?, 0 < t < 27m. |
Answer. fo%(f sint + cos? +-2t%)dt = 87%).

Evaluate [, (2zydx + x*dy) if:

(a) C consists of the line segments from (3,1) to (5,1) and from (5,1) to (5, 6).
(b) C is the line segments from (3,1) to (5,6).
(c) C is the part of the parabola x = 2t + 1, y = 2t> —t, 1 <t < 2. [ Answer: 141, for (a), (b),

(©)]
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EXERCISES Page 528 1, 2, 3, 5, 13 EXERCISES Page 558 2, 3, 4, 7, 9,
13, 14

1. Evaluate [, (2zydx + 2%dy) if:
(a) C consists of the line segments from (3, 1) to (5,1) and from (5,1) to (5, 6).
(b) C is the line segments from (3,1) to (5,6).

(c) C is the part of the parabola . =2t + 1,y =2t> —¢, 1 <t < 2.
Answer: 141 (Note: (2zy,2?) = V(z2%y)).

Definition; A vector field F is called conservative if there exists a differentiable function
f such that F = Vf. The function f is called the potential function for F.

2. Find a potential function for

(a) F(z,y) = (2zy + 242)i + (22 + 16y)j. (Answer' 2%y + 122 + 16y + O)

(b) F(x,y) = 2zyi + (22 — y)j. (Answer: 2%y — - + )

(c) F(x,y,2) = 2zyi + (22 + 22)j + 2yzk. (Answer. 22y + 22y + O)

(d) F(z,y,2) = (ycosz + 2ze¥)i + (sinz + 2%e¥ + 4)j. (Answer: ysinxz?e? + 4y + C)

(e) F(z,y) = (% — ya)i+ (y* + zy)j.

(f) F(z,y) = (2ze™ + 22ye™)i + (23 + 2y)j. (Answer: 22e™ + 4% + CO)

(g) F(z,y,2) = 2y 24 + (32%y%24)j + 42293 2%k, (Answer: 2%y32%)

(h) F(x,y,2) =2z cosy — 2231 + (3 + 2ye* — 2% siny)j + (y2e” — 622%)k. (Answer: y2e® — 2223 +

2cosy—|—3y+C)

The Fundamental Theorem of Line Integrals:
Let F be a conservative vector field with potential function f, and C be any smooth curve starting
at the point A and ending at the point B. Then fc F.dr = f(B) — f(4).

3. Evaluate [, F.dr, where C is a piecewise smooth curve from (—1,4) to (1,2) and F(z,y) = 2zyi+
(22 —)j. (Answer: z y———|—C 4)

4. Evaluate fc F.dr, where C is a piecewise smooth curve from (1,1,0) to (0,2,3) and F(z,y,2) =
2zyi + (22 + 22)j + 22yk. (Answer: 2%y + 2%y + C, 17)

5. Use Green’s theorem to evaluate the line integral §[zydz + 2?y*dy], where C' is the triangle with
vertices (0,0), (1,0), and (1,2).
(Answer P = zy, Q = 2293, the region enclosed is 0 < £ < 1,0 < y < 2z, fol OQZ(QI — P,)dydz =
fo “(2zy® — x)dyde = 2).

6. Use Green’s theorem to evaluate the line integral §[y*dz + 23dy|, where C'is the circle of radius 2
centered at (0, 0).
(Answer: P =93, Q = 3, the region enclosed is 0 < 0 < 27,0 < r < 2, f fo y)rdrdf =
fo% f02(3r2 cos? § — 3r2 sin® 0)rdrdd = 0).

7. Use Green’s theorem to evaluate the line integral ¢[(—2zy+y?)dz+az%dy], where C is the boundary

of the region R enclosed by y = 4z and y = 222
(Answer: P = —2yx + y?, Q = 22, the region enclosed is 0 < z < 2,222 < y < 4z, fo o (Qa

P,))dydx = fo f2m2 (4 — 2y)dydx = ﬁ)



10.

11.

12.

13.

14.

15.

16.

Evaluate the line integral ¢(3z — y)dz + (x + 5y)dy around the unit circle z = cost, y = sint,

0<t<27. -
(Answer: P = 39: -, Q = z + by, the region enclosed is 0 < 6 < 27,0 <r <2, [ [[(Q
Py)rdrdf = fo ))rdrdd = 27).

Evaluate the line integral f[(e*""/’2 +y?)dz + (Iny — 22))dy], where C is the square with vertices

(0,0),(1,0),(1,1), (0,1).

(Answer: P = e + 42 Q = Iny — 22, the region enclosed is 0 <z < 1,0 <y < 1, fol fol(Qx
11

Py)dydx = [; [ (—2x — 2y)dydz = —2).

Evaluate the line integral §(2y + /1 + 2%)dz + (52 — eyQ)dy around the circle z2 + y? = 4.
(Answer: P = 2y + \/1—1—7:55, Q = 5r — eyz, the region enclosed is 0 < 6 < 27,0 < r < 2,
o27T IOQ(Qx — P,)rdrdf = 027T f02(5 — 2)rdrdf = 127).

If R is any region to which Green’s Theorem is applicable, show that the area of R is given by the
formula
A=14¢. —yde+ ady, or

A= §,ady, or

A= fc(—y)dx

Use Green’s theorem to find the area of the region enclosed by the ellipse z—z + Z—j =1.

(Answer. Parametric equations for the ellipse 2—2 + z—z =1: x = acost, y = bsint, 0 < t < 2m.
Area = § §, —ydx + xdy = 3 2”[( bsint)(—asintdt) + (acost)(bcostdt)] = wab.)

Use Green’s theorem to find the area of the region enclosed by the circle 22 + y? = a?.

(Answer. Parametric equations for the circle 22 + y? = a?: © = acost, y = asint, 0 < t < 27.

Area = § §, —ydx + xdy = 3 fOQW[(—a sint)(—asintdt) + (acost)(acostdt)] = wa?.)

Use Green’s theorem to find the area of the region enclosed by y = 22 and y = x + 2.
(Answer. Parametric equations for the boundary of the region: Cy : @ =t, y =2, -1 <t < 2;

Cy:aw=-3t+2, y=—3t+4 Area = § §, —ydz + zdy = %ffl[(—ﬂ)(dt) + (t)(2tdt)] + 1 fol[(?:t -
4)(—3dt) + (=3t + 2)(—3dt)]5.)

Use Green’s theorem to find the area of the region enclosed by y = 22 — 1 and y = 0.
(Answer. Parametric equations for the boundary of the region: Cy 1z =¢,y=1— 2, -1 <t <1,
1

Co:ax=—t,y=0, -1 <t<1, Area = § §, —ydx + zdy + § §, —ydz + zdy = %f A= -

£2)(dt) + (t)(=2tdt)] + & [1,1(0)(dt) + (—t)(0dt)].)

Use Green’s theorem to find the area under one arc of the cycloid x = 27t — sin 27t and y

1 —cos2nt; 0 <t < 1.

(Answer. Parametric equations for the boundary of the region: C; : =z = ¢, y = 0, 0 <

t <27, Cy : x = 21t —sin2xt, y = 1 —cos2nt, 0 < t < 1, Area = 2§C —ydz + xdy +
1

%3%2 —ydz + xdy = § [ [(—(0)(dt) + (t)(0dt)] — & fo (27t — sin27t)((2m — 27 cos 2wt)dt) +

(27t — sin 27t) (27 sin 27t dt)] = 3r.)

10



Math 252 Handout #7 Fall 2009

EXERCISES Page 471 1, 2, 3, 5, 13, 21, 22 EXERCISES Page 481 2, 3,
4, 5(a)

1.

10.

11.

12.

Let S be a smooth parametric surface r(u,v) = x(u,v)i+ y(u,v)j + 2(u,v)k defined over
tahe region D in the uv-plane. Let (ug,v9) be a point in D. Note ry(zo,y0) = gu (up,vp) +
52 (u0,v0)+ % (ug, v). A normal vector at the point (zo, Yo, 20) = (x(uo, vo), y(u0, v0), y(uo, v0))
is given by N = ry(zg, y0) X rv(z0, yo)-

Let S be a smooth parametric surface r(u,v) = x(u,v)i+ y(u,v)j + 2(u,v)k defined over
the region D in the uv-plane. If each point on the surface S corresponds to exactly
one point in the domain D, then the surface area of S is given by

J JsdS = [ [, | ruxry | dA. For a surface given by z = f(z,y), r(u,v) = zi+yj+ f(z,y)k,

[ ru x vy [[= 1+ [folz,9)]? + [fy (2, y)]?
Find the surface area of the unit sphere given by r(u, v) = sin u cos vi+sin u sin vj+cos uk, where the

domain Disgiven by 0 <u < 7,0 < v < 27. (|ryXry| = |sin2 w cos vi+sin® u sin vj+sin u cos uk| =
sinu (Answer: 47))

Find the surface area of the torus given by r(u,v) = (2 + cosu) cosvi + (2 + cosu) sin vj + sin uk,
where the domain D is given by 0 < u < 27, 0 < v < 7. ((Jry X ry| = 2 + cosu (Answer; 872))

Find the surface area of the portion of sphere, center (0,0), of radius 4 that lies inside the cylinder
22 4+ y? = 12 and above the xy-plane.

JZ 5 16sin ¢dpdd = 167

Let ®(u,v) = (u — v,u + v,uv) and let D be a unit disk in the uv plane. Find the area of ®(D).
Find the area of the portion of the unit sphere that is cut out by the cone z > \/m .

Find the area of the surface defined by z +y + 2z =1, 22 + 232 < 1.

Find the area of the graph of the function f(x,y) = %(x% +y2) that lies over the domain [0, 1]x[0, 1].

Express the surface area of the following graphs over the indicated region D as a double integral.
Do not evaluate.

(a) (x+2y)* D =[-1,2] x [0,2]
(

)
b) zy+ A7 D =[1,4] x [1,2]
)

c wy?’e’” v? ; D = unit circle centered at the origin

(
(d) y3cos? z; D = triangle with vertices (-1, 1), (0,2), and (1, 1).

Let S be a surface with equation z = g(z,y) and let R be its projection onto the
xy-plane. If g,g¢,,9, are continuous on R and f is continuous on S, then the surface
integral of f over S is given by

[ Js fxy,2)dS = [ [ Fla,y, 9(z,9) /1 + [g2(@,9)]? + [gy (2, y)]2dA.

If y = g(x,2) and let R be its projection onto the xz-plane, then [ [, f(z,y,2)dS
ffR z,9(,2), 2)\/1+ [gz(, 2)]2 + [g:(z, 2)]2d A.

If 2 = g(y,2) and let R be 1ts projection onto the yz-plane, then ffs flz,y,2)dS =

S S 9y, 2). 9, 2) /1 + [gy (y, 2)]2 + [9:(y, 2)]2dA.

Evaluate the surface integral [ [ S(y2 + 2yz)dS, where S is the first-octant portion of the plane
20 +y+ 22 = 6

3f0 26370) (3 — x)dyda = 23,

11



13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

Evaluate [ [ 6zydS,where S is the first-octant portion of the plane z+y+2z = 1. 6v/3 fol ol_y (y—

y? — 2y)dzdy = @.

Evaluate ffs(x2 + 9%)dS, where S is the part of the surface of the paraboloid z = f(x,y) =
1 — 22 — 42 that lies above the xy-plane.

fo% fol r2y/4r2 4+ 1rdrde.

Evaluate f fs 22dS, where S is the portion of the cone z = /22 + 2 for which 1 < 22 + ¢y? < 4.
V2 [T [2r3drdd.
Evaluate [ fs(m + y + z)dS, where S is the portion of the plane x + y = 1 in the first octant for

which 0 < z < 1.
\/ﬁfol fol(l + z)dxdz = %

The second method of evaluating a surface integral is for those surfaces that are
given by the parameterization, r(u,v) = x(u,v)i+ y(u,v)j + z(u, v)k.

[ s f(@,y,2)dS = [ [, f(r(u,v)) || ru X vy || dA, where D is the range of the parameters
that trace out the surface S.

Evaluate the surface integral [ [o(z + z)dS, where S is the first-octant portion of the cylinder
y? 4+ 22 = 9 between x = 0 and = = 4.
In parametric form the surface is given by r(x,0) = i + 3cosfj+ 3sinfk, 0 <x <4,0<6 < 5

|t x 1o = 3. [0 [:F (32 + 9sin0)dfde = 127 + 4.

Evaluate the surface integral [ [ g #dS, where S is the upper half of a sphere of radius 2.
r(0,¢) = 2sin¢gcosbi+ 2singsinfj + 2cos pk. || rg x ry ||=4sin . f()% fog (4sin2¢)dgpdl = 8.

Evaluate [ [4ydS, where S is the portion of the cylinder z* + y* = 3 that lies between z = 0
and z = 6. r(2,0) = V/3coshi+ V3sinfj+ 2k, 0 < 2<6,0<60 <27 | r,xre ||= V3

fo% foﬁ sin fdzdf = 0.

Evaluate | [qxyzdS, where S is the triangle with vertices (1,0,0),(0,2,0), and (0,1,1).

Evaluate [ fs zdS, where S is the upper hemisphere of radius a; that is, the set of (z,y,z) with
z=+/a? — 2% —y2.

Evaluate [ [¢(z +y + 2)dS, where S is the boundary of the unit ball B; that is, S is the set of
(2,9, 2) with 22 + y? + 22 = 1.

Compute the area of the portion of the cone 2% 4+ y? = 22, with 22 > 0 that is inside the sphere
2% +1y? + 22 = 2Rz, where R is a positive constant.
I x 10 I= v2p

. Stokes’s Theorem Let S be an oriented surface with unit normal vector n, bounded by a piecewise

smooth simple closed curve C. If F is a vector field whose component functions have continuous
partial derivatives on an open region containing S and C', then

JoF-dr= [ [((V xF)-ndS.

Let C be the the oriented triangle from (3,0,0) to (0,3, 0) to (0,0,6) to (3,0,0). Evaluate [ F-dr,
where F(z,y,2) = —y%i + 2i + zk.

(The upward normal to z = g(x,y) is given by —g,(z, y)i— gy (z,y)j+k and the downward normal
by gm(x’ y)l + gy(xvy)j - k)

VxF=(-1,-1,2y). [ F-dr= [ [J(v*xF)-ndS =[5 [>7(2y — 4)dedy = 9.
Ci:ri(t)=B8—-1t1);0<t <3,

Oy ira(t) = (6 — 1,2t —6): 3 < t <6,

Csirs(t) = (t—6,18 — 2t); 6 <t < 9.

JoF-dr= [ F(ri(t)) ridt + [, F(r2(t)) - rodt + [, F(rs(t)) -r3dt=9-9-9=-9.

12



10.

11.

12.

Verify Stokes’s Theorem for F(x,y,2) = 2zi + xi + y2k, where S is the surface of the paraboloid

z=4—2%—y* and C is the trace of S in the xy-plane. 7 x F = (2y,2,1). [ [¢(V x F) - ndS =
2 \4—y? .

I, f7@(4$ + 4y + 1)dzdy = 4n. C : r(t) = (2cost,2sint,0), 0 <t < 27 [, F-dr =
OQW(O + 2cost(2cost) + 0)dt =

Let C be the the oriented triangle from (2,0,0) to (0,2,1) to (0,0,0) to (2,0,0). Evaluate [, F-dr,
where F(z,y, z) = —3y%i + 42i + 6zk.

v X F = (—4,-6,6y). Note that the projection of S onto the xy-plane is is the first quadrant
region bounded by the coordinate axes and the line z +y = 2. [ F-dr = [ [((V X F) - ndS =

f02 ()2-3:(_(_4)0 - (—6)% + 6y)dydx = 14.

Let C be the intersection of the paraboloid z = z? + y? and the plane z = y and give C its
counterclockwise orientation as viewed from the positive z-axis. Evaluate | o rydr + 22dy + 22dz.
Let F(z,y,2) = xyi + 2%i + 22k and let S be the portion of the plane z = y that lies inside the
paraboloid z = 22 4+ y?. We need Ik fs(v x F)-ndS. Now 22 + y? = y gives the circular cylinder
r = sinf. Thus if D is the region in the xy-plane bounded by the circle r = sin 6, then S is the
graph of z =y on D. When we orient S by the normal directed upward, the induced orientation
on C is counterclockwise v xF = (1,0,0). [ zyde+ 2*dy + 2%dz = [ [((V X F) - ndS =

I o= 0(1) + z)dA = [ [ 00 (1 cos )rdrdf = 0.

Verify Stokes’s theorem for F(gc y,2) = yi — j, where S is the paraboloid z = 2% + 32 and its
boundary C is the circle 22 + 3% = 1,z = 1. Give C its counterclockwise orientation as viewed
from the positive z-axis.

C:xz=cost,y=sint,z=1;0 <t < 2m.

§F-dr = §yde —ady = [ " sint(—sint)dt — cost costdt = —

v x F = (0,0,—2) and consistent orientation with C, the outer unit normal n is given by n =

Wit Thus [ [5(V x F) - ndS = [ [ -—==2—dS = —27.

Use Stokes’s theorem to evaluate [ [(vV7 x F)-ndS, where F(z,y, z) = 2%i 4 3zyj + 2°y°k, and S
is the part of z = 5 — 22 — 92 above the plane z = 1. Assume S is oriented upwards

r(t) = 2costi+ 2sintj +k, 0 <t < 2n. [ [((V xF) -ndS = [, F-dr = 7rF(r(t)).r’(t) =
(—2sint — 24sint cos? t)dt = 0.

Use Stokes Theorem to evaluate [ [, F-dr, where F(x,y, z) = 2°i+y?j+ 2k and C is the triangle
with vertices (1,0, 0), (0,1,0), and (0,0, 1).
T xF=(0,2:—1,0). [[,F-dr= [ [7""(1-22—2y)dyde = 3.

Let F(x,y,2) = (yze® + zyze®)i + (zze®)j + (xye®)k. Prove that the integral of F around an
oriented simple closed curve is zero.
v xF=0.

Find the integral of F(z,y,z) = 2%i + y?j — k around the triangle with vertices from (0,0, 0) to
(0,2,0) to (0,0,3) to (0,0,0).
J.F-dr= [ [((v x F)-ndS. Note 7 x F = 0.

Integrate 7 x F, where F = (3y, —xz, —y2?), over the portion of the surface z = # defined on
the disk z2 + y2 < 4.

VXF = (=2"4+20,-2-3), and n = (—2,,—2,,1). [ [o(V x F)ndS = [ fo rocos —
% cos® —1r? 3)rdrd0 = —207 and §, F-dr = fo (6sin, —4 cost, —8sint)-(—2 smt, 2cost, 0)dt =
—20m.

Consider the sphere of radius R centered at (0,0). Then r(6, ¢) = (Rsin ¢ cosf, Rsin ¢sin b, R cos ¢);
0<0<2m 0<860<2nr. Then

Trg Xrg
n-—
llroxrsl
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13.

14.
15.

= (—sin ¢ cosf, —sin ¢ sin 6, — cos @)

= —%I‘(07 (b)

Thus n points in the direction opposite to r(f, ¢); that is, towards the origin (points inside the
sphere). In this case the inside of the sphere is the positive side of the surface. However, if we

want n to point outside the sphere, then n = 2=
[lrp xroll

= (sin ¢ cos 8, sin ¢ sin 6, cos @).

Let C be the quarter circle from (0,0,0) to (0,1,0) to (0,0,1) to (0,0,0). Let F(z,y,2) = yi+
zj + zk. Compute [, F - dr.

Compute fCF - dr, where C is the polygon path from (1,1,0) to (3,1,4) to (1,1,5) to (—1,1,1).
2 = 22 + 42 intersects the plane

z =1 (Oriented counterclockwise viewed from the positive z-axis), and F(z,y, z) = ((sinz — £)iJr

3
(cosy + ?)_] + zyzk.

r(r,0) = (rcosf,rsinf,1); 0 <r <1,0<0 <2m, v xF =(0,0,7). Answer: 7.

Compute fCF - dr, where C is the curve in which the cone z

14



Math 252 Handout Fall 2009

r =2asinf: 2 + (y — a)? = a?, a circle with center (0,a) and radius a.
r=2acosf : (z—a)®+y* = a? a circle with center (a,0) and radius a.

r =2+ 2cosf (cardioid), r = 2 4 2sin 6 (cardioid)
r =1+ 2cosf (inner loop), r =1+ 2sin @ (inner loop)
r =34 2cosf (does not reach the origin), 7 = 3 + 2sin 6 (does not reach the origin)

Graph r = sin 36.

Tangents at the origin: Let » = 0. Then sin3¢ = 0 = 30 = 0,w,2m, 37,47, 5w, 6n —
=0T 2T T 4w 5w 2.

» 39 39 T3 T3
0 r = sin 36
(1):0—5% 0—1
2:5—3%5 1—0
(3)§—>§ 0— —1
4):z—= —-1—0
(5):%”—>§%” 0—1
6): 2 —71 1—0

Graph r = 2 cos 26.
Tangents at the origin: Let r = 0. Then 2cos20 = 0 = cos20 = 0 = 20 = 7, SmoSm o Tm —

g=o m 5 In ERER
4020 404"

0 r = 2cos 20
1):0—% 2—0
2:5—35 0—=2
(3):?—>%7T -2—0
4): f —m 0-—2
(B)m— 5 2—0
(6):%—>i2—” 0— —2
(7):‘:’2—7r—>77r -2—0
8): F—21r 0-—2

Graph 2 = cos 26.
r = £vcos20. Note that 0 < 20 < 7 and 37” < 20 < 27 (since cos20 > 0). Thus 0 < § < Z and

?jf < 6 < 7 Tangents at the origin: Let r = 0. Then £vcos20 =0 = cos20 =0 = 20 = 7, 37 So
f== 3

474

0 r = 2v/cos 20 r = —2v/cos 20
1):0—% 1—0 -1—0
(2): Use symmetry

Graph r? = sin 26.
r = £v/sin260. Note that 0 < 20 < 7 (since sin26 > 0). Thus 0 < § < 7. Tangents at the origin: Let
r=0. Then £vsin20 =0 = sin20 =0=20=0,5. So0=0,7%
0 7 = 2V/sin 20 r = —2/sin20
1):0—% 0-—1 0— —1
(2): Use symmetry
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