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EXERCISES
Page 325 1, 2, 7-11
Page 339 1-4, 6, 7
Page 347 1-4, 6-11
Page 353 1, 2, 8, 10, 11

1. Find the volume above the xy-plane bounded by the paraboloid z = x2+y2 and the planes x = ±1,
y = ±1.
Ans.

∫ 1

−1
[
∫ 1

−1
(x2 + y2) dx] dy

2. Find the volume above the xy-plane bounded by the cylinder x2+y2 = 1 and the plane x+y+z = 2.
Ans.

∫ 1

−1
[
∫√1−x2

−√1−x2(2− x− y) dy] dx

3. Find the volume above the xy-plane bounded by the cylinder y = 4 − x2 and the planes y = 3x
and z = x + 4.
Ans.

∫ 1

−4
[
∫ 4−x2

3x
(x + 4) dy] dx

4. Find the volume of the solid bounded by the coordinate planes, the planes x = 2 and y = 5, and
the surface 2z = xy.
Ans.

∫ 2

0
[
∫ 5

0
(xy

2 ) dy] dx

5. Find the volume above the xy-plane bounded by the cylinder x2 + y2 = 9 and the paraboloid
3z = x2 + y2.
Ans.

∫ 3

−3
[
∫√9−x2

−√9−x2((x2+y2

3 ) ) dy] dx

6. Find the volume of the solid in the first octant bounded by the cylinder 4y = x2 and the planes
x = 0, z = 0, y = 4, and x− y + 2z = 2.
Ans.

∫ 4

0
[
∫ 4

x2
4

(2−x−y
2 ) dy] dx

7. Change the order of integration of

(a)
∫ 1

0
[
∫ 1

y
1

1+x4 dx]dy.

Ans.
∫ 1

0
[
∫ x

0
1

1+x4 dy]dx

(b)
∫ 3

0
[
∫ 2x+3

x2 xdy]dx.

Ans.
∫ 3

0
[
∫√y

0
xdx]dy +

∫ 9

3
[
∫√y

y−3
2

xdy]dx
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y - simple region:
The inside integral is from the bottom curve y = g1(x) to the top curve y = g2(x), where a ≤ x ≤ b.
x - simple region:
The inside integral is from the left curve x = h1(y) to the right curve x = h2(y), where c ≤ y ≤ d.
The area A of the region R =

∫ ∫
R

dA =
∫ ∫

R
dxdy

1. Sketch the region over which the integral extends, change the order of integration, evaluate.

(a)
∫ 1

0
[
∫ 1

y
1

1+x4 dx]dy.

Ans.
∫ 1

0
[
∫ x

0
1

1+x4 dy]dx

(b)
∫ 3

0
[
∫ 2x+3

x2 xdy]dx.

Ans.
∫ 3

0
[
∫√y

0
xdx]dy +

∫ 9

3
[
∫√y

y−3
2

xdy]dx

(c)
∫ 1

0
[
∫ x

x2(2x + 2y)dy]dx.
Ans.

∫ 1

0
[
∫√y

y
(2x + 2y)dx]dy

(d)
∫ 4

0
[
∫ y

0
3
√

y2 + 9dx]dy.
Ans.

∫ 4

0
[
∫ 4

x
3
√

y2 + 9dx]dy

(e)
∫ 2

1
[
∫ y3

y2 dx]dy. Ans.
∫ 4

1
[
∫√x

3√x
dy]dx+

∫ 8

4
[
∫ 2

3√x
dy]dx.

(f)
∫ π

2
0

[
∫ cos x

0
ydy]dx.

Ans.
∫ 1

0
[
∫ cos−1 y

0
ydx]dy

(g)
∫ e3

1
[
∫ 1

y

0 exydx]dy.

Ans.
∫ 1

e3
0 [

∫ e3

1
exydy]dx +

∫ 1
1

e3
[
∫ 1

x

1
exydy]dx

(h)
∫ 3

1
[
∫ ln y

0
yexdx]dy.

Ans.
∫ ln 3

0
[
∫ 3

ex yexdy]dx

(i)
∫ 1

0
[
∫√1−y2

−
√

1−y2
ydx]dy.

Ans.
∫ 1

−1
[
∫√1−x2

0
ydy]dx.

(j)
∫ π

0
[
∫ x

0
x cos ydy]dx.

Ans.
∫ π

0
[
∫ π

y
x cos ydx]dy

2. Use double integrals to find the area of the region bounded by the given curves and lines.

(a) The parabola x = y2 and the line y = x− 2.
Ans.

∫ 2

−1
[
∫ y+2

y2 dx] dy

(b) The parabola y = x− x2 and the line x + y = 0.

Ans.
∫ 2

0
[
∫ x−x2

−x
dy] dx

(c) The axes and the line 2x + y = 2a (a > 0).
Ans.

∫ a

0
[
∫ 2a−2x

0
dy] dx

(d) The y-axis, the line y = 3x, and the line y = 6.
Ans.

∫ 2

0
[
∫ 6

3x
dy] dx

(e) The x-axis, the curve y = e−x, and the lines x = 0, x = a (a > 0).

Ans.
∫ a

0
[
∫ e−x

0
dy] dx

(f) The parabolas y = x2 and y = 2x− x2.

Ans.
∫ 1

0
[
∫ 2x−x2

x2 dy] dx
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Page 363 1-4, 9-18, 21, 28

1. Evaluate
∫ ∫ ∫

B
dxdydz, where B is the region bounded by the coordinate planes and the plane

x + y + z = 1.

2. Find the volume of the sphere x2 + y2 + z2 = a2.

3. Evaluate

(a)
∫ 1

0

∫ x2

0

∫ xy3

0
18x3y2zdzdydx

(b)
∫ 1

0

∫ 1

y2

∫ 1−x

0
xdzdxdy

(c)
∫ 2

0

∫ π

0

∫ ln 4

0
x3 cos y

2ezdzdydx

(d)
∫ 1

0

∫√3z

0

∫√3(y2+z2)

0
xyz

√
x2 + y2 + z2dxdydz

(e)
∫√π

2
0

∫√π
2

x

∫ 3

1
sin y2dzdydx

4. Evaluate
∫ ∫ ∫

W
zdxdydz, where W is the region bounded by the four planes x = 0, y = 0, z = 0,

z = 1, and the cylinder x2 + y2 = 1, with x ≥ 0, y ≥ 0.

5. Evaluate
∫ ∫ ∫

W
zex+ydxdydz, where W = [0, 1]× [0, 1]× [0, 1].

6. Evaluate
∫ ∫ ∫

W
(x2 + y2 + z2)dxdydz, where W is the region bounded by x + y + z = a (a > 0),

x = 0, y = 0, and z = 0.

7. Set up a triple integral for the volume of each of the following solid regions.

(a) The region in the first octant bounded above by the cylinder z = 1 − y2 and lying between
the vertical planes given by x + y = 1 and x + y = 3

(b) The upper hemisphere given by z =
√

1− x2 − y2.

(c) The region bounded below by the paraboloid z = x2+y2 and above by the sphere x2+y2+z2 =
6.

8. Set up triple integrals that compute the volumes of the given regions.

(a) The region in the first octant bounded by the cylinder x = 4−y2 and the planes y = z, x = 0,
z = 0.

(b) The region above the xy-plane bounded by the surfaces z2 = 16y, z2 = y, y = x, y = 4, and
x = 0.

(c) The region bounded by the paraboloids z = 8− x2 − y2 and z = x2 + 3y2.

(d) The region bounded by the ellipsoid x2

a2 + y2

b2 + z2

c2 = 1 (a > 0, b > 0, c > 0).

(e) The region bounded by the cylinder z = 4− y2 and the paraboloid z = x2 + 3y2.

(f) The region bounded by the coordinate planes and the plane x
a + y

b + z
c = 1 (a > 0, b > 0, c > 0)

(g) The region bounded by the cylinder x2+y2 = 4x, the xy-plane and the paraboloid 4z = x2+y2.
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EXERCISES Page 390 1-5, 8, 9, 11, 13, 14, 15, 17, 19, 21, 22, 23-25

1. Use a double integrals in polar coordinates to find the areas of the indicated regions.

(a) The cardioid r = a(1 + cos θ) (a > 0).
Ans. 2

∫ π

0
[
∫ a(1+cos θ)

0
rdr]dθ = 3πa2

2

(b) The circle r = a.
Ans.

∫ 2π

0
[
∫ a

0
rdr]dθ = πa2

(c) The circle r = 2a sin θ.
Ans.

∫ π

0
[
∫ 2a sin θ

0
rdr]dθ = πa2

(d) The circle r = 2a cos θ.
Ans.

∫ π
2
−π

2
[
∫ 2a cos θ

0
rdr]dθ = πa2

(e) One loop of r = a cos 2θ (a > 0).
Ans. 2

∫ π
4

0
[
∫ a cos 2θ)

0
rdr]dθ = πa2

8

(f) One loop of r = 3 cos 3θ .
Ans. 2

∫ π
6

0
[
∫ 3 cos 3θ)

0
rdr]dθ = 3π

4

(g) The region inside the lemniscate r2 = 2a2 cos 2θ and outside the circle r = a (a > 0).

Ans. 4
∫ π

6
0

[
∫ a
√

2 cos 2θ

a
rdr]dθ = a2

3 (3
√

3− π)

(h) The region inside r = tan θ and between θ = 0 and θ = π
4 .

Ans.
∫ π

4
0

[
∫ tan θ

0
rdr]dθ = 1

8 (4− π)

(i) The region inside the cardioid r = 2a(1 + cos θ) and outside the circle r = 3a (a > 0).
Ans. 2

∫ π
3

0
[
∫ 2a(1+cos θ)

3a
rdr]dθ = a2

2 (9
√

3− 2π)

(j) The region inside the cardioid r = 1 + cos θ and to the right of the line x = 3
4 .

Ans. 2
∫ π

3
0

[
∫ 1+cos θ

3
4 sec θ

rdr]dθ = 1
16 (8π + 9

√
3)

2. Write the integral in the form
∫ β

α

∫ r2(θ)

r1(θ)
zrdrdθ.

(a)
∫ 2

0

∫√4−x2

0
zdydx.

Ans.
∫ π

2
0

[
∫ 2

0
zrdr]dθ

(b)
∫ 3

0

∫√9−x2

−√9−x2 zdydx.

Ans.
∫ π

2
−π

2
[
∫ 3

0
zrdr]dθ

(c)
∫ 0

−1

∫√1−y2

−
√

1−y2
zdxdy.

Ans.
∫ 2π

π
[
∫ 1

0
zrdr]dθ

(d)
∫ 1

0

∫ x

x2 zdydx.
Ans.

∫ π
4

0
[
∫ sec θ tan θ

0
zrdr]dθ

(e)
∫ 4

0

∫√4−(x−2)2

0
zdydx.

Ans.
∫ π

2
0

[
∫ 4 cos θ

0
zrdr]dθ

(f)
∫ 2

0

∫√2y−y2

0
zdxdy.

Ans.
∫ π

2
0

[
∫ 2 sin θ

0
zrdr]dθ

4



3. Use a triple integral in cylindrical coordinates to find the volume of the sphere x2 + y2 + z2 = a2.
Ans. 2

∫ 2π

0
[
∫ a

0
(
∫√a2−r2

0
dz)rdr]dθ = 4

3πa3

4. Use cylindrical coordinates to solve the following problems.

(a) Find the volume of the solid bounded above by the paraboloid z = 1− x2 − y2 and below by

the xy-plane. Ans.
∫ 2π

0
[
∫ 1

0
(
∫ 1−r2

0
dz)rdr]dθ = π

2

(b) A cylindrical hole of radius a is bored through the center of a solid sphere of radius 2a. Find

the volume of the hole. Ans. 2
∫ 2π

0
[
∫ 2a

0
(
∫√4a2−r2

0
dz)rdr]dθ = 4

√
3πa3

(c) Find the volume of the region bounded above by the plane z = 2x and below by the paraboloid
z = x2 + y2. Ans.

∫ π
2
−π

2
[
∫ 2 cos θ

0
(
∫ 2r cos θ

r2 dz)rdr]dθ = π
2

(d) Find the volume of the region bounded above by the plane z = x and below by the paraboloid
z = x2 + y2.
Ans.

∫ π
2
−π

2
[
∫ cos θ

0
(
∫ r cos θ

r2 dz)rdr]dθ = π
32

(e) Find the volume of the region bounded above by the sphere x2 + y2 + z2 = 2a2 and below by
the paraboloid az = x2 + y2 (a > 0).

Ans.
∫ π

0
[
∫ a

0
(
∫ 2a2−r2

r2
a

dz)rdr]dθ = 1
6πa3(8

√
2− 7)

(f) Find the volume of the region inside the cylinder r = a sin θ which is bounded above by the
sphere x2 + y2 + z2 = a2 and below by the upper half of the ellipsoid x2

a2 + y2

a2 + z2

b2 = 1 where
b < a.
Ans.

∫ π

0
[
∫ a sin θ

0
(
∫ 2a2−r2

b
√

1− r2

a2

dz)rdr]dθ = 1
6πa3(8

√
2− 7) = 1

9a2(a− b)(3π − 4)

5. Determine the new region that we get by applying the given transformation to the region R.
R is the region bounded by y = −x + 4, y = x + 1, and y = x

3 − 4
3 and the transformation is

x = 1
2 (u + v), y = 1

2 (u− v).
Note that the given region R is a triangle with vertices ( 3

2 , 5
2 ), (− 7

2 ,− 5
2 ), and (4, 0). The new

region is the triangle with vertices (−6,−1), (4,−1), and (4, 4).

6. Evaluate
∫ ∫

R
dA, where R is the trapezoidal region with vertices given by (0, 0), (5, 0), (5

2 , 5
2 ), and

( 5
2 ,− 5

2 ) , by making the change of variables x = 2u + 3v and y = 2u− 3v.
Note u = x+y

4 and u = x−y
6 . The region in the uv-plane is a square with vertices (0, 0), ( 5

4 , 0),
( 5
4 , 5

6 ), and (0, 5
6 ). Ans. 5

4 × 5
6 = 25

24 .

7. Let R be the region bounded by the line x− 2y = 0, x− 2y = −4, x + y = 4, and x + y = 1.
Evaluate

∫ ∫
R

3xydxdy by making the change of variables
x = 1

3 (2u + v), y = 1
3 (u− v).

We note that J = 1
3 and u = x + y and v = x − 2y. From the given equations, it follows that

1 ≤ u(= x + y) ≤ 4 and −4 ≤ v (= x− 2y) ≤ 0. Thus
∫ ∫

R
3xydxdy =

∫ 4

1
[
∫ 0

−4
3( 1

3 (2u + v))(1
3 (u−

v))(1
3 )dv]du = 4.

Alternatively, the given region is a rectangle with vertices (− 2
3 , 5

3 ),( 2
3 , 1

3 ), ( 8
3 , 4

3 ), and ( 4
3 , 8

3 ) and
the corresponding region in the uv-plane is the rectangle with vertices (1, 0), (4, 0), (1,−4), and
(4,−4) = [1, 4]× [−4, 0]. Ans.

∫ 4

1
[
∫ 0

−4
3( 1

3 (2u + v))( 1
3 (u− v))( 1

3 )dv]du = 4

8. Let R be the region bounded by the square with vertices (0, 1), (1, 2), (2, 1), and (1, 0). Evaluate the
integral

∫ ∫
R
(x+y)2 sin2(x−y)dxdy by making the change of variables x = 1

2 (u+v), y = 1
2 (u−v).

The corresponding region in the uv-plane is the square with vertices (1, 1), (3, 1), (1,−1), and
(3,−1). J = 1

2∫ ∫
R
(x + y)2 sin2(x− y)dxdy =

∫ 1

−1
[
∫ 3

1
u2 sin2 v 1

2du]dv = 13
6 (2− sin 2)

9. Let R be the region bounded by the parallelogram with vertices (0, 0), (4, 0), (3, 3), and (7, 3).
Evaluate the integral

∫ ∫
R

y(x− y)dxdy by making the change of variables x = u + v, y = u.
Ans. 36

5



10. Use a triple integral in spherical coordinates to find the volume of the sphere x2 + y2 + z2 = a2.
Ans.

∫ 2π

0

∫ π

0

∫ a

0
ρ2 sin φdρ dφdθ = 4

3πa3.

11. Find the volume of the region bounded by the sphere ρ = a and the cone φ = α.
Ans.

∫ 2π

0

∫ α

0

∫ a

0
ρ2 sin φdρ dφdθ = 4

3πa3(1− cos α).

12. If 0 < b < a and 0 < α < π, find the volume of the region bounded by the concentric spheres
ρ = b, ρ = a and the cone φ = α.
Ans.

∫ 2π

0

∫ α

0

∫ a

b
ρ2 sin φdρ dφdθ = 2π

3 (a3 − b3)(1− cosα).

13. Find the volume of the solid region bounded below by the upper nappe of the cone z2 = x2 + y2

and above by the sphere x2 + y2 + z2 = 9.
Ans.

∫ 2π

0

∫ π
4

0

∫ 3

0
ρ2 sin φdρ dφdθ = 9π(2−√2).

14. Evaluate
∫ ∫ ∫

E
16zdxdy, where E is the upper half of the sphere x2 + y2 + z2 = 1.

Ans.
∫ 2π

0

∫ π
2

0

∫ 1

0
(16ρ cos φ)ρ2 sin φdρ dφdθ = 4π.

15. Convert
∫ 3

0

∫√9−y2

0

∫√18−x2−y2√
x2+y2

(x2+y2+z2)dzdxdy into an integral in spherical coordinates. Ans.
∫ π

2
0

∫ π
4

0

∫ 3
√

2

0
(ρ2)ρ2 sin φdρ dφdθ.

16. Convert
∫ a

−a

∫√a2−x2

−√a2−x2

∫ a+
√

a2−x2−y2

a
xdzdydx

into an integral in spherical coordinates.
Ans.

∫ 2π

0

∫ π
4

0

∫ 2a cos φ

a sec phi
ρ3 sin2 φ cos θdρ dφdθ.

6
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EXERCISES Page 427 1-5, 14 EXERCISES Page 447 1, 2, 6, 9, 12, 15

1. Evaluate
∫

C
(x−3y)ds, where C is the line segment from (0, 0) to (1, 2) and C is parameterized as:

(a) x = t, y = 2t, 0 ≤ t ≤ 1.

(b) x = sin t, y = 2 sin t, 0 ≤ t ≤ π
2 .

2. Evaluate
∫

C
(x2 − y + 3z)ds, where C is the line segment from (0, 0, 0) to (1, 2, 1). [ Answer.∫ 1

0
(t2 − 2t + 3t)

√
6dt = 5

√
6

6 ].

3. Evaluate
∫

C
xds, where C is the line segment from (0, 0) to (1, 1) and y = x2 from (1, 1) to (0, 0).

[ Answer.
∫ 1

0
t
√

2dt +
∫ 1

0
(1− t)

√
1 + 4(1− t)2dt =

√
2

2 + 1
12 (5

3
2 − 1)].

4. Evaluate the line integrals
∫

C
(x− 3y)dx, and

∫
C

(x− 3y)dy, if C is the part of the parabola x = y2

that joins the points (1, 1) and (4, 2) [ Answer.
∫ 2

1
(t2 − 3t)2tdt = −13

2 and
∫ 2

1
(t2 − 3t)dt = −13

6 ].

5. Evaluate the line integral
∫

C
(y2dx− x2dy) along the two curves given below:

(a) C1: The parabola x = t, y = t2 joining the two points (0, 0) and (2, 4). [ Answer.
∫ 2

0
(t4 −

2t3)dt = −8
5 ].

(b) C2: The line x = t, y = 2t joining the two points (0, 0) and (2, 4). [ Answer.
∫ 2

0
2t2dt = 16

3 ].

6. Evaluate the line integral
∫

C
xy2dx− (x + y)dy, where C is

(a) The straight line segment from (0, 0) and (1, 2). [ Answer.
∫ 1

0
(4t3 − 6t)dt = −2].

(b) The parabolic path from (0, 0) and (2, 4). [ Answer.
∫ 1

0
(4t5 − 4t2 − 8t3)dt = −8

3 ].

(c) The broken line from (0, 0) to (1, 0) to (1, 2). [ Answer. − ∫ 2

0
(1 + t)dt = −4].

7. Evaluate the line integral
∫

C
xy2dx− (x+y)dy, where C is the broken line joining the points (0, 0),

(1, 1), (2, 1) in this order.

8. Evaluate the line integral
∫

C
dx
y + dy

x , where C is the part of the hyperbola xy = 4 from (1, 4) to

(4, 1). [ Answer.
∫ 4

1
( t
4 − 4

t3 )dt = 0].

9. Evaluate the line integral
∫

C
xdx + x2dy from (−1, 0) to (1, 0).

(a) Along the x-axis. [ Answer.
∫ 1

−1
tdt = 0].

(b) Along the semicircle y =
√

1− x2 [ Answer.
∫ π

0
(− sin t + 1− sint)dt = 0].

(c) Along the broken line from (−1, 0) to (0, 1) to (1, 1). [ Answer.
∫ 0

−1
(t+t2)dt+

∫ 1

0
tdt−∫ 1

0
dt =

− 1
6 + 1

2 − 1 = − 2
3 ].

10. Evaluate the line integral
∫

C
ydx + (x + 2y)dy from (1, 0) to (0, 1), where C is

(a) the arc of the circle x = cos t, y = sin t; [ Answer.
∫ π

2
0

(cost− sin2 t + 2 sin t cos t)dt = 1].

(b) the straight line segment y = 1− x; [ Answer.
∫ 0

1
(−1)dx = 1].

(c) the broken line from (1, 0) to (1, 1) to (0, 1). [ Answer.
∫ 1

0
(1 + 2y)dy +

∫ 0

1
dx = 1].

11. Evaluate
∫

C
(3x+4y)dx+(2x+3y2)dy, where C is the circle x2+y2 = 4 traversed counterclockwise

from (2, 0). [ Answer. x = 2 cos t, y = 2 sin t, 0 ≤ t ≤ 2π,
∫ 2π

0
((24 sin2 t − 12 sin t) cos t + (8 −

24 sin2 t))dt = −8π].

12. Evaluate
∫

C
(x+2)ds, where C is the curve represented by r→ = ti→+ 4

3 t
3
2 j→+ 1

2 t2k→, 0 ≤ t ≤ 6π.

7



13. Evaluate
∫

C
F→ · ds→, if F→(x, y, z) = xy2i→ + x2zj→ − (y − x)k→, C is the curve c→(t) =

ti→ + t2j→ + t3k→, 0 ≤ t ≤ 1.

14. Compute
∫

C
F→ · ds→ if F→(x, y) = (x + y)i→ + (y2 − x)j→, where C is the closed curve that

begins at (1, 0), proceeds along the upper half of the unit circle to (−1, 0), and returns to (1, 0)
along the x-axis.

15. (a) Evaluate
∫

S
xy4ds, where C is the right half of the circle, x2+y2 = 1. [ Answer.

∫ π
2
−π

2
(4 cost)(4 sin t)4(4)dt =

8192
5 ].

(b) Evaluate
∫

S
4x3ds, were C is the line segment from (-2,-1) to (1,2). [ Answer.

∫ 0

−2
4(−2 +

3t)3
√

18dt = −15
√

2].

(c) Evaluate
∫

S
4x3ds, were C is the line segment from (1,2) to (-2,-1). [ Answer.

∫ 1

0
4(1 −

3t)3
√

18dt = −15
√

2].

16. Evaluate
∫

C
xds for each of the following curves. (a) C1: y = x2, −1 ≤ x ≤ 1 (b) C2: The line

segment from(-1,1) to (1,1). (c) C3: The line segment from(1,1) to (-1,1). [ Answer: 0 for each
part (a)-(c) ].

17. Evaluate
∫

C
xyzds, where C is the helix given by, x = cos t, y = sin t, z = 3t, 0 ≤ t ≤ 4π.

18. Evaluate
∫

C
sin(πy)dy + yx2dx, where C is the line segment from (0,2) to (1,4). [ Answer. 7

6 ].

19. Evaluate
∫

C
sin(πy)dy + yx2dx, where C is the line segment from (1,4) to (0,2). [ Answer. − 7

6 ].

20. Evaluate
∫

C
ydx + xdy + zdx, where C is given by, x = cos t , y = sin t, z = t2, 0 ≤ t ≤ 2π. [

Answer.
∫ 2π

0
(− sin2 t + cos2 +2t3)dt = 8π4].

21. Evaluate
∫

C
(2xydx + x2dy) if:

(a) C consists of the line segments from (3, 1) to (5, 1) and from (5, 1) to (5, 6).

(b) C is the line segments from (3, 1) to (5, 6).

(c) C is the part of the parabola x = 2t + 1, y = 2t2 − t, 1 ≤ t ≤ 2. [ Answer: 141, for (a), (b),
(c)]
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Math 252 Handout #6 Fall 2009

EXERCISES Page 528 1, 2, 3, 5, 13 EXERCISES Page 558 2, 3, 4, 7, 9,
13, 14

1. Evaluate
∫

C
(2xydx + x2dy) if:

(a) C consists of the line segments from (3, 1) to (5, 1) and from (5, 1) to (5, 6).

(b) C is the line segments from (3, 1) to (5, 6).

(c) C is the part of the parabola x = 2t + 1, y = 2t2 − t, 1 ≤ t ≤ 2.
Answer: 141 (Note: (2xy, x2) = ∇(x2y)).

Definition; A vector field F is called conservative if there exists a differentiable function
f such that F = ∇f . The function f is called the potential function for F.

2. Find a potential function for

(a) F(x, y) = (2xy + 24x)i + (x2 + 16y)j. (Answer: x2y + 12x3 + 16y + C)

(b) F(x, y) = 2xyi + (x2 − y)j. (Answer: x2y − y2

2 + C)

(c) F(x, y, z) = 2xyi + (x2 + z2)j + 2yzk. (Answer: x2y + z2y + C)

(d) F(x, y, z) = (y cosx + 2xey)i + (sin x + x2ey + 4)j. (Answer: y sin xx2ey + 4y + C)

(e) F(x, y) = (x2 − yx)i + (y2 + xy)j.

(f) F(x, y) = (2xexy + x2yexy)i + (x3exy + 2y)j. (Answer: x2exy + y2 + C)

(g) F(x, y, z) = 2xy3z4i + (3x2y2z4)j + 4x2y3z3k. (Answer: x2y3z4)

(h) F(x, y, z) = 2x cos y− 2z3i + (3 + 2yez − x2 sin y)j + (y2ez − 6xz2)k. (Answer: y2ez − 2xz3 +
x2 cos y + 3y + C)

The Fundamental Theorem of Line Integrals:
Let F be a conservative vector field with potential function f, and C be any smooth curve starting
at the point A and ending at the point B. Then

∫
C

F.dr = f(B)− f(A).

3. Evaluate
∫

C
F.dr, where C is a piecewise smooth curve from (−1, 4) to (1, 2) and F(x, y) = 2xyi+

(x2 − y)j. (Answer: x2y − y2

2 + C, 4)

4. Evaluate
∫

C
F.dr, where C is a piecewise smooth curve from (1, 1, 0) to (0, 2, 3) and F(x, y, z) =

2xyi + (x2 + z2)j + 2zyk. (Answer: x2y + z2y + C, 17)

5. Use Green’s theorem to evaluate the line integral
∮

[xydx + x2y3dy], where C is the triangle with
vertices (0, 0), (1, 0), and (1, 2).
(Answer: P = xy, Q = x2y3, the region enclosed is 0 ≤ x ≤ 1, 0 ≤ y ≤ 2x,

∫ 1

0

∫ 2x

0
(Qx−Py)dydx =∫ 1

0

∫ 2x

0
(2xy3 − x)dydx = 2

3 ).

6. Use Green’s theorem to evaluate the line integral
∮

[y3dx + x3dy], where C is the circle of radius 2
centered at (0, 0).
(Answer: P = y3, Q = x3, the region enclosed is 0 ≤ θ ≤ 2π, 0 ≤ r ≤ 2,

∫ 2π

0

∫ 2

0
(Qx − Py)rdrdθ =∫ 2π

0

∫ 2

0
(3r2 cos2 θ − 3r2 sin2 θ)rdrdθ = 0).

7. Use Green’s theorem to evaluate the line integral
∮

[(−2xy+y2)dx+x2dy], where C is the boundary
of the region R enclosed by y = 4x and y = 2x2.
(Answer: P = −2yx + y2, Q = x2, the region enclosed is 0 ≤ x ≤ 2, 2x2 ≤ y ≤ 4x,

∫ 2

0

∫ 4x

2x2(Qx −
Py)dydx =

∫ 2

0

∫ 4x

2x2(4x− 2y)dydx = −32
5 ).
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8. Evaluate the line integral
∮

(3x − y)dx + (x + 5y)dy around the unit circle x = cos t, y = sin t,
0 ≤ t ≤ 2π.
(Answer: P = 3x − y, Q = x + 5y, the region enclosed is 0 ≤ θ ≤ 2π, 0 ≤ r ≤ 2,

∫ 2π

0

∫ 1

0
(Qx −

Py)rdrdθ =
∫ 2π

0

∫ 1

0
(1− (−1))rdrdθ = 2π).

9. Evaluate the line integral
∮

[(e−x2
+ y2)dx + (ln y − x2))dy], where C is the square with vertices

(0, 0), (1, 0), (1, 1), (0, 1).
(Answer: P = e−x2

+ y2, Q = ln y − x2, the region enclosed is 0 ≤ x ≤ 1, 0 ≤ y ≤ 1,
∫ 1

0

∫ 1

0
(Qx −

Py)dydx =
∫ 1

0

∫ 1

0
(−2x− 2y)dydx = −2).

10. Evaluate the line integral
∮

(2y +
√

1 + x5)dx + (5x− ey2
)dy around the circle x2 + y2 = 4.

(Answer: P = 2y +
√

1 + x5, Q = 5x − ey2
, the region enclosed is 0 ≤ θ ≤ 2π, 0 ≤ r ≤ 2,∫ 2π

0

∫ 2

0
(Qx − Py)rdrdθ =

∫ 2π

0

∫ 2

0
(5− 2)rdrdθ = 12π).

11. If R is any region to which Green’s Theorem is applicable, show that the area of R is given by the
formula
A = 1

2

∮
C
−ydx + xdy, or

A =
∮

C
xdy, or

A =
∮

C
(−y)dx.

12. Use Green’s theorem to find the area of the region enclosed by the ellipse x2

a2 + y2

b2 = 1.
(Answer. Parametric equations for the ellipse x2

a2 + y2

b2 = 1: x = a cos t, y = b sin t, 0 ≤ t ≤ 2π.
Area = 1

2

∮
C
−ydx + xdy = 1

2

∫ 2π

0
[(−b sin t)(−a sin tdt) + (a cos t)(b cos tdt)] = πab.)

13. Use Green’s theorem to find the area of the region enclosed by the circle x2 + y2 = a2.
(Answer. Parametric equations for the circle x2 + y2 = a2: x = a cos t, y = a sin t, 0 ≤ t ≤ 2π.
Area = 1

2

∮
C
−ydx + xdy = 1

2

∫ 2π

0
[(−a sin t)(−a sin tdt) + (a cos t)(a cos tdt)] = πa2.)

14. Use Green’s theorem to find the area of the region enclosed by y = x2 and y = x + 2.
(Answer. Parametric equations for the boundary of the region: C1 : x = t, y = t2, −1 ≤ t ≤ 2;
C2 : x = −3t + 2, y = −3t + 4 Area = 1

2

∮
C
−ydx + xdy = 1

2

∫ 2

−1
[(−t2)(dt) + (t)(2tdt)] + 1

2

∫ 1

0
[(3t−

4)(−3dt) + (−3t + 2)(−3dt)]92 .)

15. Use Green’s theorem to find the area of the region enclosed by y = x2 − 1 and y = 0.
(Answer. Parametric equations for the boundary of the region: C1 : x = t, y = 1− t2, −1 ≤ t ≤ 1,
C2 : x = −t, y = 0, −1 ≤ t ≤ 1, Area = 1

2

∮
C1
−ydx + xdy + 1

2

∮
C2
−ydx + xdy = 1

2

∫ 1

−1
[(−(1 −

t2)(dt) + (t)(−2tdt)] + 1
2

∫ 1

−1
[(0)(dt) + (−t)(0dt)].)

16. Use Green’s theorem to find the area under one arc of the cycloid x = 2πt − sin 2πt and y =
1− cos 2πt; 0 ≤ t ≤ 1.
(Answer. Parametric equations for the boundary of the region: C1 : x = t, y = 0, 0 ≤
t ≤ 2π, C2 : x = 2πt − sin 2πt, y = 1 − cos 2πt, 0 ≤ t ≤ 1, Area = 1

2

∮
C1
−ydx + xdy +

1
2

∮
C2
−ydx + xdy = 1

2

∫ 1

0
[(−(0)(dt) + (t)(0dt)] − 1

2

∫ 1

0
[(−(2πt − sin 2πt)((2π − 2π cos 2πt)dt) +

(2πt− sin 2πt)(2π sin 2πtdt)] = 3π.)
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EXERCISES Page 471 1, 2, 3, 5, 13, 21, 22 EXERCISES Page 481 2, 3,
4, 5(a)

1. Let S be a smooth parametric surface r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k defined over
the region D in the uv-plane. Let (u0, v0) be a point in D. Note ru(x0, y0) = ∂x

∂u (u0, v0)+
∂y
∂u (u0, v0)+ ∂z

∂u (u0, v0). A normal vector at the point (x0, y0, z0) = (x(u0, v0), y(u0, v0), y(u0, v0))
is given by N = ru(x0, y0)× rv(x0, y0).

2. Let S be a smooth parametric surface r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k defined over
the region D in the uv-plane. If each point on the surface S corresponds to exactly
one point in the domain D, then the surface area of S is given by∫ ∫

S
dS =

∫ ∫
D
‖ ru× rv ‖ dA. For a surface given by z = f(x, y), r(u, v) = xi+ yj+ f(x, y)k,

‖ ru × rv ‖=
√

1 + [fx(x, y)]2 + [fy(x, y)]2

3. Find the surface area of the unit sphere given by r(u, v) = sin u cos vi+sin u sin vj+cos uk, where the
domain D is given by 0 ≤ u ≤ π, 0 ≤ v ≤ 2π. (|ru×rv| = | sin2 u cos vi+sin2 u sin vj+sin u cosuk| =
sin u (Answer: 4π))

4. Find the surface area of the torus given by r(u, v) = (2 + cos u) cos vi + (2 + cos u) sin vj + sin uk,
where the domain D is given by 0 ≤ u ≤ 2π, 0 ≤ v ≤ π. ((|ru × rv| = 2 + cos u (Answer; 8π2))

5. Find the surface area of the portion of sphere, center (0,0), of radius 4 that lies inside the cylinder
x2 + y2 = 12 and above the xy-plane.∫ 2π

0

∫ π
3

0
16 sinφdφdθ = 16π.

6. Let Φ(u, v) = (u− v, u + v, uv) and let D be a unit disk in the uv plane. Find the area of Φ(D).

7. Find the area of the portion of the unit sphere that is cut out by the cone z ≥
√

x2 + y2.

8. Find the area of the surface defined by x + y + z = 1, x2 + 2y2 ≤ 1.

9. Find the area of the graph of the function f(x, y) = 2
3 (x

3
2 +y

3
2 ) that lies over the domain [0, 1]×[0, 1].

10. Express the surface area of the following graphs over the indicated region D as a double integral.
Do not evaluate.

(a) (x + 2y)2; D = [−1, 2]× [0, 2]

(b) xy + x
y+1 ; D = [1, 4]× [1, 2]

(c) xy3ex2y2
; D = unit circle centered at the origin

(d) y3 cos2 x; D = triangle with vertices (−1, 1), (0, 2), and (1, 1).

11. Let S be a surface with equation z = g(x, y) and let R be its projection onto the
xy-plane. If g, gx, gy are continuous on R and f is continuous on S, then the surface
integral of f over S is given by∫ ∫

S
f(x, y, z)dS =

∫ ∫
R

f(x, y, g(x, y))
√

1 + [gx(x, y)]2 + [gy(x, y)]2dA.
If y = g(x, z) and let R be its projection onto the xz-plane, then

∫ ∫
S

f(x, y, z)dS =∫ ∫
R

f(x, g(x, z), z)
√

1 + [gx(x, z)]2 + [gz(x, z)]2dA.
If x = g(y, z) and let R be its projection onto the yz-plane, then

∫ ∫
S

f(x, y, z)dS =∫ ∫
R

f(g(y, z), y, z)
√

1 + [gy(y, z)]2 + [gz(y, z)]2dA.

12. Evaluate the surface integral
∫ ∫

S
(y2 + 2yz)dS, where S is the first-octant portion of the plane

2x + y + 2z = 6.
3

∫ 3

0

∫ 2(3−x)

0
y(3− x)dydx = 243

2 .
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13. Evaluate
∫ ∫

S
6xydS,where S is the first-octant portion of the plane x+y+z = 1. 6

√
3

∫ 1

0

∫ 1−y

0
(y−

y2 − zy)dzdy =
√

3
4 .

14. Evaluate
∫ ∫

S
(x2 + y2)dS, where S is the part of the surface of the paraboloid z = f(x, y) =

1− x2 − y2 that lies above the xy-plane.∫ 2π

0

∫ 1

0
r2
√

4r2 + 1rdrdθ.

15. Evaluate
∫ ∫

S
z2dS, where S is the portion of the cone z =

√
x2 + y2 for which 1 ≤ x2 + y2 ≤ 4.√

2
∫ 2π

0

∫ 2

1
r3drdθ.

16. Evaluate
∫ ∫

S
(x + y + z)dS, where S is the portion of the plane x + y = 1 in the first octant for

which 0 ≤ z ≤ 1.√
2

∫ 1

0

∫ 1

0
(1 + z)dxdz = 3

√
2

2 .

The second method of evaluating a surface integral is for those surfaces that are
given by the parameterization, r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k.∫ ∫

S
f(x, y, z)dS =

∫ ∫
R

f(r(u, v)) ‖ ru × rv ‖ dA, where D is the range of the parameters
that trace out the surface S.

17. Evaluate the surface integral
∫ ∫

S
(x + z)dS, where S is the first-octant portion of the cylinder

y2 + z2 = 9 between x = 0 and x = 4.
In parametric form the surface is given by r(x, θ) = xi + 3 cos θj + 3 sin θk, 0 ≤ x ≤ 4, 0 ≤ θ ≤ π

2 .
‖ rx × rθ ‖= 3.

∫ 4

0

∫ π
2

0
(3x + 9 sin θ)dθdx = 12π + 4.

18. Evaluate the surface integral
∫ ∫

S
zdS, where S is the upper half of a sphere of radius 2.

r(θ, φ) = 2 sin φ cos θi + 2 sin φ sin θj + 2 cos φk. ‖ rθ × rφ ‖= 4 sin φ.
∫ 2π

0

∫ π
2

0
(4 sin 2φ)dφdθ = 8π.

19. Evaluate
∫ ∫

S
ydS, where S is the portion of the cylinder x2 + y2 = 3 that lies between z = 0

and z = 6. r(z, θ) =
√

3 cos θi +
√

3 sin θj + zk, 0 ≤ z ≤ 6, 0 ≤ θ ≤ 2π. ‖ rz × rθ ‖=
√

3.∫ 2π

0

∫ 6

0
sin θdzdθ = 0.

20. Evaluate
∫ ∫

S
xyzdS, where S is the triangle with vertices (1, 0, 0), (0, 2, 0), and (0, 1, 1).

21. Evaluate
∫ ∫

S
zdS, where S is the upper hemisphere of radius a; that is, the set of (x, y, z) with

z =
√

a2 − x2 − y2.

22. Evaluate
∫ ∫

S
(x + y + z)dS, where S is the boundary of the unit ball B; that is, S is the set of

(x, y, z) with x2 + y2 + z2 = 1.

23. Compute the area of the portion of the cone x2 + y2 = z2, with z2 ≥ 0 that is inside the sphere
x2 + y2 + z2 = 2Rz, where R is a positive constant.
‖ rρ × rθ ‖=

√
2ρ

1. Stokes’s Theorem Let S be an oriented surface with unit normal vector n, bounded by a piecewise
smooth simple closed curve C. If F is a vector field whose component functions have continuous
partial derivatives on an open region containing S and C, then∫

C
F · dr =

∫ ∫
S
(5× F) · n dS.

2. Let C be the the oriented triangle from (3, 0, 0) to (0, 3, 0) to (0, 0, 6) to (3, 0, 0). Evaluate
∫

C
F ·dr,

where F(x, y, z) = −y2i + zi + xk.
(The upward normal to z = g(x, y) is given by −gx(x, y)i−gy(x, y)j+k and the downward normal
by gx(x, y)i + gy(x, y)j− k)
5× F = (−1,−1, 2y).

∫
C

F · dr =
∫ ∫

S
(5× F) · ndS =

∫ 3

0

∫ 3−y

0
(2y − 4)dxdy = −9.

C1 : r1(t) = (3− t, t); 0 ≤ t ≤ 3,
C2 : r2(t) = (6− t, 2t− 6); 3 ≤ t ≤ 6,
C3 : r3(t) = (t− 6, 18− 2t); 6 ≤ t ≤ 9.∫

C
F · dr =

∫
C1

F(r1(t)) · r′1dt +
∫

C2
F(r2(t)) · r′2dt +

∫
C3

F(r3(t)) · r′3dt = 9− 9− 9 = −9.
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3. Verify Stokes’s Theorem for F(x, y, z) = 2zi + xi + y2k, where S is the surface of the paraboloid
z = 4− x2 − y2 and C is the trace of S in the xy-plane. 5× F = (2y, 2, 1).

∫ ∫
S
(5× F) · ndS =

∫ 2

−2

∫√4−y2

−
√

4−y2
(4x + 4y + 1)dxdy = 4π. C : r(t) = (2 cos t, 2 sin t, 0), 0 ≤ t ≤ 2π.

∫
C

F · dr =
∫ 2π

0
(0 + 2 cos t(2 cos t) + 0)dt = 4π

4. Let C be the the oriented triangle from (2, 0, 0) to (0, 2, 1) to (0, 0, 0) to (2, 0, 0). Evaluate
∫

C
F ·dr,

where F(x, y, z) = −3y2i + 4zi + 6xk.
5 × F = (−4,−6, 6y). Note that the projection of S onto the xy-plane is is the first quadrant
region bounded by the coordinate axes and the line x + y = 2.

∫
C

F · dr =
∫ ∫

S
(5× F) · ndS =∫ 2

0

∫ 2−x

0
(−(−4)0− (−6) 1

2 + 6y)dydx = 14.

5. Let C be the intersection of the paraboloid z = x2 + y2 and the plane z = y and give C its
counterclockwise orientation as viewed from the positive z-axis. Evaluate

∫
C

xydx + x2dy + z2dz.
Let F(x, y, z) = xyi + x2i + z2k and let S be the portion of the plane z = y that lies inside the
paraboloid z = x2 + y2. We need

∫ ∫
S
(5× F) · ndS. Now x2 + y2 = y gives the circular cylinder

r = sin θ. Thus if D is the region in the xy-plane bounded by the circle r = sin θ, then S is the
graph of z = y on D. When we orient S by the normal directed upward, the induced orientation
on C is counterclockwise. 5 × F = (1, 0, 0).

∫
C

xydx + x2dy + z2dz =
∫ ∫

S
(5 × F) · ndS =∫ ∫

D
(−0(0)− 0(1) + x)dA =

∫ π

0

∫ sin θ

0
(r cos θ)rdrdθ = 0.

6. Verify Stokes’s theorem for F(x, y, z) = yi − j, where S is the paraboloid z = x2 + y2 and its
boundary C is the circle x2 + y2 = 1, z = 1. Give C its counterclockwise orientation as viewed
from the positive z-axis.
C : x = cos t, y = sin t, z = 1; 0 ≤ t ≤ 2π.∮

F · dr =
∮

ydx− xdy =
∫ 2π

0
sin t(− sin t)dt− cos t cos tdt = −2π.

5 × F = (0, 0,−2) and consistent orientation with C, the outer unit normal n is given by n =
−2xi−2yj+k√

4x2+4y2+1
. Thus

∫ ∫
S
(5× F) · ndS =

∫ ∫
S

−2√
4x2+4y2+1

dS = −2π.

7. Use Stokes’s theorem to evaluate
∫ ∫

S
(5×F) ·ndS, where F(x, y, z) = z2i + 3xyj + x3y3k, and S

is the part of z = 5− x2 − y2 above the plane z = 1. Assume S is oriented upwards.
r(t) = 2 cos ti + 2 sin tj + k, 0 ≤ t ≤ 2π.

∫ ∫
S
(5 × F) · ndS =

∫
C

F · dr =
∫ 2π

0
F(r(t)).r′(t) =

(−2 sin t− 24 sin t cos2 t)dt = 0.

8. Use Stokes Theorem to evaluate
∫ ∫

C
F · dr, where F(x, y, z) = z2i+ y2j+xk and C is the triangle

with vertices (1, 0, 0), (0, 1, 0), and (0, 0, 1).
5× F = (0, 2z − 1, 0).

∫ ∫
C

F · dr =
∫ 1

0

∫ −x+1

0
(1− 2x− 2y)dydx = −1

6 .

9. Let F(x, y, z) = (yzex + xyzex)i + (xzex)j + (xyex)k. Prove that the integral of F around an
oriented simple closed curve is zero.
5× F = 0.

10. Find the integral of F(x, y, z) = x2i + y2j − k around the triangle with vertices from (0, 0, 0) to
(0, 2, 0) to (0, 0, 3) to (0, 0, 0).∫

C
F · dr =

∫ ∫
S
(5× F) · ndS. Note 5× F = 0.

11. Integrate 5×F, where F = (3y,−xz,−yz2), over the portion of the surface z = x2+y2

2 defined on
the disk x2 + y2 ≤ 4.
5 × F = (−z2 + x, 0,−z − 3), and n = (−zx,−zy, 1).

∫ ∫
S
(5 × F).ndS =

∫ 2π

0

∫ 1

0
( 1
4r5 cos θ −

r2 cos2 θ− 1
2r2−3)rdrdθ = −20π and

∮
C

F·dr =
∫ 2π

0
(6 sin,−4 cos t,−8 sin t)·(−2 sin t, 2 cos t, 0)dt =

−20π.

12. Consider the sphere of radius R centered at (0, 0). Then r(θ, φ) = (R sin φ cos θ, R sin φ sin θ, R cosφ);
0 ≤ θ ≤ 2π, 0 ≤ θ ≤ 2π. Then
n = rθ×rφ

‖rθ×rφ‖

13



= (− sin φ cos θ,− sin φ sin θ,− cosφ)
= − 1

Rr(θ, φ).
Thus n points in the direction opposite to r(θ, φ); that is, towards the origin (points inside the
sphere). In this case the inside of the sphere is the positive side of the surface. However, if we
want n to point outside the sphere, then n = rφ×rθ

‖rφ×rθ‖
= (sin φ cos θ, sin φ sin θ, cosφ).

13. Let C be the quarter circle from (0, 0, 0) to (0, 1, 0) to (0, 0, 1) to (0, 0, 0). Let F(x, y, z) = yi +
zj + xk. Compute

∫
C

F · dr.
14. Compute

∫
C

F · dr, where C is the polygon path from (1, 1, 0) to (3, 1, 4) to (1, 1, 5) to (−1, 1, 1).

15. Compute
∫

C
F · dr, where C is the curve in which the cone z2 = x2 + y2 intersects the plane

z = 1 (Oriented counterclockwise viewed from the positive z-axis), and F(x, y, z) = ((sinx− y3

3 )i+
(cos y + x3

3 )j + xyzk.
r(r, θ) = (r cos θ, r sin θ, 1); 0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π, 5× F = (0, 0, r). Answer: π

2 .
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Math 252 Handout Fall 2009

r = 2a sin θ: x2 + (y − a)2 = a2, a circle with center (0,a) and radius a.
r = 2a cos θ : (x− a)2 + y2 = a2, a circle with center (a,0) and radius a.

r = 2 + 2 cos θ (cardioid), r = 2 + 2 sin θ (cardioid)
r = 1 + 2 cos θ (inner loop), r = 1 + 2 sin θ (inner loop)
r = 3 + 2 cos θ (does not reach the origin), r = 3 + 2 sin θ (does not reach the origin)

Graph r = sin 3θ.
Tangents at the origin: Let r = 0. Then sin 3θ = 0 =⇒ 3θ = 0, π, 2π, 3π, 4π, 5π, 6π =⇒
θ = 0, π

3 , 2π
3 , π, 4π

3 , 5π
3 , 2π.

θ r = sin 3θ
(1): 0 −→ π

6 0 −→ 1
(2): π

6 −→ π
3 1 −→ 0

(3): π
3 −→ π

2 0 −→ −1
(4): π

2 −→ 2π
3 −1 −→ 0

(5): 2π
3 −→ 5π

6 0 −→ 1
(6): 5π

6 −→ π 1 −→ 0

Graph r = 2 cos 2θ.
Tangents at the origin: Let r = 0. Then 2 cos 2θ = 0 =⇒ cos 2θ = 0 =⇒ 2θ = π

2 , 3π
3 , 5π

2 , 7π
2 =⇒

θ = π
4 , π

2 , 5π
4 , 7π

4 .
θ r = 2 cos 2θ

(1): 0 −→ π
4 2 −→ 0

(2): π
4 −→ π

2 0 −→ −2
(3): π

2 −→ 3π
4 −2 −→ 0

(4): 3π
4 −→ π 0 −→ 2

(5): π −→ 5π
4 2 −→ 0

(6): 5π
4 −→ 3π

2 0 −→ −2
(7): 3π

2 −→ 7π
4 −2 −→ 0

(8): 7π
4 −→ 2π 0 −→ 2

Graph r2 = cos 2θ.
r = ±

√
cos 2θ. Note that 0 ≤ 2θ ≤ π

2 and 3π
2 ≤ 2θ ≤ 2π (since cos 2θ ≥ 0). Thus 0 ≤ θ ≤ π

4 and
3π
4 ≤ θ ≤ π Tangents at the origin: Let r = 0. Then ±

√
cos 2θ = 0 =⇒ cos 2θ = 0 =⇒ 2θ = π

2 , 3π
2 . So

θ = π
4 , 3π

4

θ r = 2
√

cos 2θ r = −2
√

cos 2θ
(1): 0 −→ π

4 1 −→ 0 −1 −→ 0
(2): Use symmetry

Graph r2 = sin 2θ.
r = ±

√
sin 2θ. Note that 0 ≤ 2θ ≤ π (since sin 2θ ≥ 0). Thus 0 ≤ θ ≤ π. Tangents at the origin: Let

r = 0. Then ±
√

sin 2θ = 0 =⇒ sin 2θ = 0 =⇒ 2θ = 0, π
2 . So θ = 0, π

4

θ r = 2
√

sin 2θ r = −2
√

sin 2θ
(1): 0 −→ π

4 0 −→ 1 0 −→ −1
(2): Use symmetry
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